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PREFACE

This is one of a series bfelp Modulegdesigned to help you gain confidence in
mathematics. It has been developed particularly for primary teachers (or student
teachers) but it might also be helpful for non-specialists who teach mathematics in
the lower secondary years. Itis based on material which is already being used in
the Mathematics Enhancement Programme: Secondary Demonstration Project

The complete module list comprises:

1. ALGEBRA 6. HANDLING DATA

2. DECIMALS 7. MENSURATION

3. EQUATIONS 8. NUMBERS IN CONTEXT
4. FRACTIONS 9. PERCENTAGES

5. GEOMETRY 10. PROBABILITY

Notes for overall guidance:

e Each of the 10 modules listed above is divided into 2 parts. This is
simply to help in the downloading and handling of the material.

» Though referred to as 'modules' it may not be necessary to study (or print
out) each one in its entirely. As with any self-study material you must be
aware of your own needs and assess each section to see whether it is
relevant to those needs.

e The difficulty of the material ifPart A varies quite widely: if you have
problems with a particular section do try the one following, and then the
next, as the content is not necessarily arranged in order of difficulty.
Learning is not a simple linear process, and later studies can often
illuminate and make clear something which seemed impenetrable at an
earlier attempt.

» In Part B, Activities are offered as backup, reinforcement and extension
to the work covered in Part Alestsare also provided, and you are
strongly urged to take these (at the end of your studies) as a check on
your understanding of the topic.

* The marking scheme for the revision test includes B, M and A marks.
Note that:

M marks are for method;

A marks are for accuracy (awarded only following
a correct M mark);

B marks are independent, stand-alone marks.

We hope that you find this module helpful. Comments should be sent to:

Professor D. N. Burghes
CIMT, School of Education
University of Exeter
EXETER EX12LU

The full range of Help Modules can be found at
www.ex.ac.uk/cimt/help/menu.htm
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Introductory Notes

Background and Preparatory Work

Primitive algebraic methods began to emerge about 1700 BC in
Babylon and in Egypt. However, these methods remained largely
dependent on words and so developed very slowly until about 1600 A
when a suitably flexible symbolism was developed. This flexible us
of symbols then gave birth, during the next 70 years, to a truly
remarkable flowering of new mathematics — first coordinate geomet
(about 1630), leading to the representation of functions and the
differential and integral calculus (around 1670).

These few historical details should suffice to underline the fact that
algebra is the natural language of mathematics

a fact that is understood in most countries. In contrast, developme
in England in recent years have tended to give the impression that
algebra is an 'optional extra' which most students will never need.

reality, algebra holds the key to subsequent progress for anyone w
may one day need to use their mathematics — on no matter how loy
a level. This module is important because solving equations provide
very natural way of introducing students to this key skill.

The wording of the National Curriculum, the kind of problems set at
KS3 and on GCSE papers, and the associated mark schemes have
conspired to obscure what 'solving equations' is really about. Thus
few words of explanation may be needed before we get down to detai

Suppose a carpenter needs to prepare and fix a strut of a certain (a
unknown) length. He could ‘judge by eye', cut a piece of wood whic
is roughly the right size, and then test whether it does the job — cutt
off a bit more if the strut is too long, or throwing it away and trying
again if it is too short. However, it would be better to use the prove
method of first carefully measuring the required length, and then
cutting the exact length needed. In one sense, there are two possi
approachedyut they are not genuine alternativasid one would
neverteachstudents to use the first method. It is not just that the firs
method is likely to be very wasteful (of both time and materials). Tk
real difference is that, in this setting, the first (trial-and-improvemen
method ignores the underlying 'discipline’ of proven methods of
carpentry in the hope that 'seat-of-the pants' guesswork is just as g

In this module, trial-and-improvement can help beginners to get a fe
for what is meant by a 'solution’ of an equation. However, although
guesswork may sometimes succeed in finding one solution, it can

never guarantee that all solutions have been found. Moreover, the
approach works only in the simplest cases, and is no substitute for
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general, systematic method.
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Mathematics ishe science of exact calculatioits methods are not
just the result of accumulated wisdom: they are dictated by the exact,
inescapable nature of numbers, symbols and equations. For many|
youngsters, the art of solving equations should give them their first
real glimpse of the power of this 'science of exact calculation'. Thefe
should be no guesswork! Also students should understand that there
iS no approximation involved; thus, for example, fractions should
never be replaced by decimals, and when learning the principles of]
solving equations all calculation should be exact (heoce
calculatorg). It is also important to present successive equations in a
calculation in a standard way, with the corresponding justification
given in brackets (on the right, say).

If the problem to be solved is given in the form of a ‘'word problem’,
then before any of this can be done it is necessary first to translate| or
interpret, the information given in the 'word problem' into the form of
anequation There are all sorts of potential pitfalls here — not least the
fact that one is at the mercy of the students' skdbatprehension

We restrict ourselves here to just two comments on this stage of th
equation solving process.

1%

(1) There are good reasons for keeping word problems short, and
for being aware of the danger that students often respond to
particular 'cue’ words, rather than thinking about what the
problem actually says.

(2) When choosing an unknown (sgy it is important to insist that
x should always represenpare numbe(rather than a length,
or a weight, or a distance). Thus the solution should always
start:

‘Let x be the unknown number of marbles', or
'let the unknown length becm’, or

'let the unknown weight by g', or

'let the unknown distance e&km'.

One can then safely calculate with expressions su@xas4’,
since these represamimbergthough one should remember to
re-insert the units at the end of the solution).

Once the unknown has been given a name, and the given informatjon
has been written in the form of an initial equation, one is faced with|a
quite different problem — namely how to 'solve' the equation to find
the unknown.

The art of solving equations is rooted in a single fundamental property
of real numbers.

The Product Property

The only way that a produch.q.r..... Z can be (exactly!)
equal to 0 is if one of the factopsq, r, ...,z is (exactly!)

equal to zero.

© CIMT, University of Exeter i
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Examples
(@) If the unknown numbex satisfies the equation
(x-1)(x+2) =0,
then either (x-1) = 0, so x =1,
or (x+2) =0, sox=-2.

Similarly,
(b) if the unknown number satisfies the equation
(3x +2)(7-4x)(x-2) = 0,
then one of the factors must equal zero: so
3X+2=0,0or 7-4x =0, or x—-2 = 0.

Of course, if in the original equation the unknoxrepresented the
number of children in a family, or the width (in cm) of a rectangle,
then negative solutions would be discarded.

The Product Propertymplies that our general strategy for solving
equations must have two parts:

(1) Given an equation in any form, we must first collect all terms
(by doing all sorts of elementary algebra — carefully and
correctly) onone side of the equatiqeay LHS), with ZERO on
the other side.

(2) We must then write the expression on the LHS as a product;
in other words we need to be ablddotorise

It is important to note that the usual approach to the solutitimeair
equations appears to ignore Pxduct Property Instead, it focuses
on 'collecting all the's on one side of the equation and all the
numbers on the other side'.

Example
Solve 5-4x =3x-2 (Add 4x to both sides)
O 5=3x-2+4x
O 5=7x-2 (Add 2 to both sides)
O 7 = 7X (Divide both sides by 7)
O x =1

Though it is unfortunate that this method does not automatically usé¢
(and thus reinforce the importance of) the generatiuct Property,
the above approach still has several important advantages.

%

(1) It gives you a clear sense of what it means to 'solve' an
equation, moving systematically from opaque beginnings
(5-4x = 3x — 2) towards the finatoup degrace (x = 1).

(2) It emphasises, and allows you to practise, the simplest
instances of 'doing the same to both sides of an equation'.

However, this method does not generalise to more complex equations,
such as solving linear equations.

© CIMT, University of Exeter i
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Key Issues

Introduction
This is an important which is of fundamental importance for further
mathematical study.

Unfortunately, many, if not most people find algebra difficult,
confusing or intimidating. This is completely unnecessary, as all
algebra is based on putting into practice a set of logical steps.
Provided you know the rules and stick to them, you cannot go wrong
— the key is knowing these rules well.

Language / Notation
At all levels you need to be familiar with the usexafs an unknown,
and that a general linear equation is of the faam+ b = ¢, wherea,
b andc are numbers.

Key Points

e |tis absolutely crucial that at all times equations must balance; that
is, the right-hand-side must equal the left-hand-side.

e All manipulation must be logical, for example:

x+5=9 (Take 5 from both sides)
O x+5-5=9-5
0 X =4,

The middle step can be omitted when you are confident but it is
important that you realise the real reason why 'taking +5 to the
other side, so it becomes — 5' gives a correct answer.

Similarly, for example,

4x = 12 (Divide both sides by 4)
O ﬁ = E

4 4
U X = 3.

e Trial and improvemens a method which is used in place of
algebraic manipulation where therenista precise method to
solve the equation. Linear and quadratic equations are exceptions
to this as they can always be solved algebraically.

Misconceptions

When dealing with this topic there are numerous errors which are
often made, usually because of misunderstandings of the logic of the
manipulation being undertaken.

So look out for examples, such as the ones below, which often are
carried out incorrectly.

6-(-4) =10 not2
-5-(-10) =5 not150r-5

© CIMT, University of Exeter iv
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a(bx +¢) = abx + ac not abx +c

It is often not understood that

ax _ [0, _ X
b L0 tho
(g0
Two such examples are,
2x _ o, o X
3 (BU B0
(0
and X2 ox,
Ao
O

The reason that this last result is true can readily be seen by
multiplying top and bottom by 2.

© CIMT, University of Exeter \%
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WORKED EXAMPLES
and EXERCISES

Section Subject Page
3.1 Changing the Subject 1
3.2 Simplifying Expressions 4
3.3 Simple Equations 6
3.4 Solving Equations 8
3.5 Trial and Improvement Method 14
3.6 Simultaneous Linear Equations 19

Answers to Exercises 25
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3| Equations
3.1| Changing the Subject

Sometimes a formula can be rearranged into a more useful format. For example, the
formula

F=18C+32

can be used to convert temperatures in degrees Celsius to degrees Fahrenheit. It can be
rearranged into the form
cC=...

to enable temperatures in degrees Fahrenheit to be converted to degrees Celsius. We say
that the formula has been rearranged to n@aiee subject of the formula.

m Worked Example 1

Rearrange the formula
F=18C+32

to makeC the subject of the formula.

E Solution

The aim is to remove all terms from the right hand side of the equation except@or the
First subtract 32 from both sides, which gives

F-32=18C
Then dividing both sides by 1.8 gives
F-32_
18
So the formula can be rearranged as

C

F-32
18

C=

m Worked Example 2

Makev the subject of the formula

E Solution

First multiply both sides of the formula by 2 to give

(u+ vt
2

S=

2s=(u+ V)t
Then divide both sides tyto give
s
—=zu+v
t
Finally, subtracu from both sides to give
2
t
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So the formula becomes

Exercises

1. Makex the subject of each of the following formulae.
(@ y=4x (b) y=2x+3 (©) y=4x-8
@ y=222 @ y=X2  ® y=x+a
@ y=X"P h y=ax+c () y=2FP

a C
O y=E @ yarbex () y= T2E0
(m) y=abx (n) y=abx+c (o) y= 4a;(c_ b
@ p=2E @ y=a+p O y- € +4X)a
_3(x-4) _5(x+y) _ (x-3)

©) q=25 0 v=_2 W zza+

2. Ohm's law is used in electrical circuits and states that
V=IR

Write formulae withl andR as their subjects.

3. Newton's Second law states thiat= ma.

Write formulae withm anda as their subjects.

4. The formula C = 2rrr can be used to find the circumference of a circle.

Maker the subject of this formula.

5. The equationv = u + at is used to find the velocities of objects.
(@) Maket the subject of this formula.

(b) Makea the subject of this formula.

6. The mean of three numbetsyandz can be found using the formula

_Xt+ty+z
3

m

Makez the subject of this formula.

Help Module 3: Equations
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3.1

7. Makea the subject of the following formulae.
(@) Vv?*=u®+2as (b) s=at+%at2

8. The formulaV = xyz can be used to find the volume of a rectangular box.
Makez the subject of this formula.
9. The volume of a tin can is given by
V = nr*h
wherer is the radius of the base ahds the height of the can.

(@) Maker the subject of the equation.

(b)  Findr correct to 2 decimal places ¥ = 250 cm® and h =10 cm.

10. A box with a square base has its volume given by

V =x%h

and its surface area given by

A=2x>+ 4xh

\_________

(@) Makehthe subject of both formulae.

(b) Findhif A=24cm? and x =2 cm. X

(c) Findhif V =250cm?® and x =10 cm.

11. The area of a trapezium is given by

A=%(a+b)h

(@) Write the formula witta as its subject.

= —>

(b) In a particular trapeziunb = 2a.

Use this to write a formula that does not
involve b, and makea the subject.
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3.2| Simplifying Expressions

Whensimplifying expressions you should bring together terms which contain the same letter.

Note

x and x* must be treated as if they were different letters. You cannot adtéan to
an x? term. The + and — signs go with the term which follows.

m Worked Example 1

Simplify each expression below.

(@ 4a+3a+6+2 (b) 4a+8-2a+3b
() x*+5x-8x+x*-4 (d) 8x+y-4x-6y

E Solution

(@) The terms which involva can be brought together. Also the 6 and 2 can be added.

4a+3a+6+2= T7a+8
(b)  The terms involving are considered together, and then the terms invobring
4dJa+8b-2a+3b = 4a-2a+8b+3b
= 2a+1lb
(c) Here thexand x* must be treated as if they are different letters.
X*+5x-8x+x*-4 = x*+x*+5x-8x -4

2x> - 3x -4

(d) The different letterss andy, must be considered in turn.

8x +y—4x - 6y 8X - 4x +y -6y

4x — by

When a bracket is to be multiplied by a number or a letter, every term inside the bracket
must be multiplied.

m Worked Example 2

Remove the brackets from each expression below.

(@ 6(x+5) (b) 3(2x+7) ) 4(x-3) d  x(x-4)
E Solution
(@ 6(x+5 =6xx+6x5 (b) 3(2x+7) = 3x2x+3x7
= 6x+30 = 6x+21
() 4(x-3) =4xx-4x3 d)  x(x-4) =xxx-xx4

4x - 12 = X% - 4x
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Exercises

1. Simplify each of these expressions.

(@)
(©)
()
(@)
(i)
(k)
(m)
(0)
()
(s)
(u)

(@)
(©)
(€)
(9)
()
(k)
(m)

(@)
(d)
(@)
()
(m)
()
(s)
(v)

a+2a+3a
3a+2b+8a+4b

5x + 2y + 8x — 3y
4+6a-3a+2+hb
X+y-—-8x+2y

7X —4z+ 8x — 52
3g-4x+8a-2x+(
X+6+y+4+2x -3y
-X+y+x+y

-8x +7y —11x + 4y
X+y-8x-1ly

2x% + 3X + 4x® + 5x
X2 + 6X + 4x + X2
5x? — X — 6x* + 8x

X +y - x-y+x

X2 =y = x =y + 2x% - 2y?

ab+cd+ 4ab
4ab + 7ab - 3ad

3(x +5) (b)
2(x +6) (e)
5(3x + 2) (h)
8(5 - x) (k)
6(3x - 5) (n)
x(5 + X) (@)
2x (x - 6) Q)

8x(x - 5)

4(6 + x)

5(x + 2)

(
(

o]

5x + 3)

IN

(2x - 7)
4(x - 2y)
a(2-a)

4x (2x + 3)

(b)
(d)
(®
(h)
@)
()
(n)
(9)
@)
Q)
(v)

Simplify each of the following expressions.

(b)
(d)
(f)
(h)
1)
M
(n)

Help Module 3: Equations

3a+2+4+6
4x+2y +8y+y

6a + 7b + 3b - 4a
p+q+2p-8q+3p
4x - 3p + 2p — 2X
3z - 4x + 2z - 10x
X+y+z=-p-q-y
4x — 8q +17x —24q
4+ 7y —-3x -8y +x+y
6x —18y +17x — 4
4p +8g - 8p - 4q

x® + 8x + 5x + 10

x>+ X +10 + X + 4x?

4x% =3y - X2+ y?

AP - Tx+1+x*+4x-11
Y +y-4+y+ay’

XYy + XZ +Xy +4xz

4pqg - 3gr + 5pq

Remove the brackets from each expression below.

© 7(x+2)

M  4(2x+3)

i 7(x-6)

0 7(5x-73)

(0) 5(x+2y+32)
M 4(b-3

(u)  3x(7-2x)
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4, Simplify each of the following expressions, by first removing all the brackets.

(@ 3(a+2)+4(a+5) (b) 2(2x+4)+3(x+5)
€ 5(x+2)+3(x+4) d)  x(x+12) +x(x+6)
(e) 4(x+1)+x(x+5) (H  2(a+b)+5(2a+3p)

Simple Equations

To solve simple equations you must carry outsdm@eoperation (addition, subtraction,
multiplication or division) orboth sides of the equation so that the new equation is still
balanced.

Worked Example 1

Solve each of the following equations.

(@ x+3=8 (b) x-8=11 ) 4x =32 (d)

o x

Solution
(@) To solve this equation, subtract 3 from both sides.
x+3 =8
x+3-3 =8-3
X = 5.
(b)  To solve this equation, add 8 to both sides.
x-8 =11
x-8+8 = 11+8

x = 19.

(c) To solve this equation divide both sides by 4.

4x = 32
YAx _ 32°
1/4/ /4/1
X = 8

(d) To solve this equation multiply both sides by 6.

Help Module 3: Equations
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3.3

m Worked Example 2

A packet of sweets is divided equally among 5 children and each child is given 4 sweets.
Write down an equation to describe this situation and solve it to find the number of
sweets in the packet.

E Solution

Let x be the number of sweets in the packet.
Then = = 4,

since the 5 children have 4 sweets each. Now the equation can be solved by multiplying
both sides by 5.

w Exercises

1. Solve each of these equations.

(@ x+6=10 by x-7=3 () x+4=7
(d x-1=11 (e) x-6=28 fH x+5=3
(g9 bx =45 (hy 6x =24 0] 6x = 108
) 7x = 56 (k)  3x =102 (n 6x =42
X _ X _ X _
(m) 5 5 (n) ' 12 (0) T 10
X _ X _ X _
(p) 3" 4 (a) -7 3 (n 5 1
(s) x-5=3 () x+8=14 (uy 4x =104
(v) g=18 W) x-3=12 x) x+7=11
2. Solve each of these equations.
@ x+6=2 (b) x+8=3 (c) x-5=-2
(d x+2=-4 () x-2=-6 H x+4=-10
(g9 2x =-12 (h) 3x=-24 0] 5x = -60
) 5=-8 K x-2=-5 ) x+6=-14
(m) x-10= -2 (n) x-12 = -4 (0) x-7=-1
(P) x+4=-1 (@ x+12=2 (rn x+10 = -16




Mathematics Enhancement Programme Help Module 3: Equations
3.3

3. The angles on a straight line add ud806°. Write down and solve an equation for
each diagram shown below.

(@) (b)

() (d)
4, Sanijit is two years older than his brother. His brother is 16. Write down an
equation which usesto represent Sanjit's age. Solve the equatior. for

5. To pay for a school trip, 12 children take the same amount of money to school.| If
the total money collected is £54 and the amount each child takesrite down
an equation to describe this situation. Solve your equatioa for

6. The train fare for a long journey increases by £3 to £44 islthe old fare, write
down an equation to describe this situation. Solve your equatian for

7. Majid knows that when a certain number is doubled, the answer is 52. Explain|in
words, starting with 52, how he can work out the number.

(SEG)

8. Tim thought of a number. He doubled his number. His answer was 24.
What number did Tim think of?

(LON)
9. Ali is twice as old as Sue. Sue is 2 years younger than Philip. Philip is 11 years
old.
(@) How oldis Sue? (b) How old is Ali?

(NEAB)

34| Solving Equations

Most equations require a number of steps to solve them. These steps must be logical so
that the new equation still balances. Whatever you do to one side of an equation you
mustdo the same to the other side. The following examples illustrate these steps.

m Worked Example 1

Solve the following equations.
(@ 3x+7=13 (b) 5x-8=13 (©

d 4(x-3 =8
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3.4

E

Solution

(@)  First subtract 7 from both sides of the equation.

xX+7 =13
X+7-7 =13-7
3X = 6

Next divide both sides of the equation by 3.
2

B _6
3 3
X = 2.
(b)  First add 8 to both sides of the equation.
5x-8 = 13
5x-8+8 = 13+8
5x = 21.
Then divide both sides of the equation by 5.
Bx _ 2
5 5
21
X = —=
5
— 1
= 45.

(c) First add 2 to both sides of the equation.

5 -2 =3
5
X_2+2=3+2
5
5 =5
5
Then multiply both sides of the equation by 5.
X 1
—xB5=5x5
5
x = 25

(d)  First remove the brackets, multiplying each term inside the bracket by 4.

4(x-3) = 8

4x -12

8.

Then add 12 to both sides of the equation.




Mathematics Enhancement Programme Help Module 3: Equations

3.4

4x -12+12 = 8+12

4x = 20.
Finally divide both sides by 4.

ax _ 207

4"

X =5

Sometimes equations may contain the letten both sides of the equation orx term.
The next examples show how to deal with these cases.

Worked Example 2

=

Solve these equations.

(@ 4x+6 =3x+10 (b) 6-2x=28 (c) 4x-2 =8-6X

Solution

Ia

(@) Asxappears on both sides of the equation, first subtkaftoB both sides.
4x+6 = 3x+10

4x +6—-3x = 3x +10 - 3x
Xx+6 = 10.
Then subtract 6 from both sides.
X+6-6 =10-6
X = 4,

(b)  As the left-hand side contair2x, add X to both sides.

6-2x = 8
6—-2x+2x = 8+ 2X
6 = 8+ 2x

Then subtract 8 from both sides.
6-8=8+2x-8

-2 = 2X.
Finally divide both sides by 2. B .
=z _ 2X
1 21
-1=x or x = -1

(c) As one side contains6x, add & to both sides.
4x -2 = 8- 6x
4x —2+6Xx = 8-6X+ 6X
10x-2 = 8

10
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Then add 2 to both sides of the equation.
10x-2+2=8+2
10x = 10
Finally divide both sides by 10.

10
10

=

= BIs

X =

=

Worked Example 3

Use the information in the diagram to write down
an equation and then find the valuexof

Solution

Ia

The three angles shown must add u360°, so
170 + 2x + 50 + x =10 = 360
210 + 3x = 360.

Subtracting 210 from both sides gives

3x = 150.

Then dividing both sides by 3 gives
1/3{ B /gl
x = 50.

w Exercises

1. Solve each of these equations.

(8) 3x+6 = 48 (b) 5x-6 =39
(d) 6x-7=41 (e) 8x-3=29
(@) 4x+18 =2 (h) 5x+10 =5

(m) 3(2x-1) = 57 (n) 3(2x+7) =

(s) 6x-8=-26 (t)  4(x+15) =
v) %—1:8 (W) §+2=7

11

210 + 3x — 210 = 360 - 210

() 5(x+2) =45 K 3(x-2) =12

(p) 4(2x+3)=-8 (g 5(3x-1) =-2

(€)
(f)
(i)
()
(0)
()
(u)
(x)

Help Module 3: Equations

2x -6 = 22
6x +12 = 20
x+6 =1
2(x+7) =10
5(5x +1) = 20
2(8x +5) =-2
5x -8 = -10

§+1:3
5
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3.4

Solve these equations.

(@ 2x+6=x+3 (b) 4x-8=5x-2
(c) 6x+7=2x+20 (d x+6=2x-8
(e) 3x+7=2x+11 (H 10x+2 =8x+22
(g9 6-x=5 (hy 2-x=5

0] 3-x=-10 () 14-3x=5

(k) 10-2x =2 O 4-3x=2

(m) x+2=8-x (n) x+4=10-2x
(0) x+4=9-2x (p) 8-x=12-2x
(@) 22-4x =18-2x () 3-6x=2-4x
(s) 3(x+2) =5(x-2) ® 4= —g

(u) 3—% = -5 V) 4(x-2) = 3(x+2)
(W) 5=18—§ (%) 2—%:1—%

For each diagram below, write down an equation involxiagd solve it.

(a) (b)
3X+ 40° @

(©) (d)
X+ 10° @

X— 10° 1800— X

A rope of length 10 m is used to mark out a rectangle, so that the two long sidg
1 m longer than the short sides.x 6 the length of the short sides, write down an
eguation to describe this situation and hencexind

You ask a friend to think of a number, double it and add 10. His answer is 42.
If x is the number your friend thought of, write down the relevant equation and
find x.

12
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3.4

6. Six teams enter a competition. Therexamembers in each team. If 8 people dro
out and 34 complete the competition, write down an equation and solve it to fin
the number in each team at the start of the competition.

[oNhe)

7. Three people drive a car on a long journey. John drives for 2 hours more than
Mary. Philip drives for twice as long as Mary. The whole journey takes 6 hours.
Use an equation to find out for how long each person drives.

8. A driver travels 80 miles to a motorway and then travels at a steady 60 mph fo
x hours. Write down and solve equations involvirifithe driver travels a total of

(@ 290 miles (b) 220 miles.

Give your answers in hours and minutes.

9. A child was asked to think of a number and follow these instructions. In each gase,
let x be the number the child thinks of, write down an equation, and find the value

of x.
(@) Think of a number, add 6 and double it. Answerl8
(b)  Think of a number, divide by 2 and add 10. Answerl6

(c) Think of a number, divide by 2, add 2 and multiply by 2.  Answer9
(d)  Think of a number, subtract 7, divide by 2 and multiply by Hhswerl15

10. Four consecutive numbers, when added together, give a total of k1ig.tHé
lowest number, write down an equation and solve it.

11. Adrian thinks of a number. He doubles it and then adds 5. The answer is 17.
What was his number?

(SEG)
12. (a) Write, in symbols, the rule,
To find y, double x and add 1.
(b)  Use your rule from part (a) to calculate the valuewhen y = 9.
(LON)

13. Jacob uses ths rule,
Start with a number, divide it by 2 and then add 3. Write down the result.

(@) What is the result when Jacob starts with 8?

(b)  What number did Jacob start with when the result is 5?
(SEG)

14. Solve the equation
11x+5 = x + 25.
(LON)
15. Solve the equations

(@ 4x-1=17 (b) 11ly+3 =5y+27
(MEG)

13
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16. The lengths of the sides of a triangle are

xcm, (x +3) cm and (x - 2) cm. «om (x+3) cm

Not to scale

(x-2) cm

(@) Whatis the perimeter of the triangle in termgdf

(b)  The triangle has a perimeter of 22 cm.
(i)  Write down an equation ir

(i)  Use your equation to find the length of each side of the triangle
(SEG)

17. A pint of milk costx pence.

(@) Write, in terms ok, the cost of two pints of milk.

The cost of a carton of fruit juice is 10 p more than the cost of a pint of milk.

(b)  Write in terms ok, the cost of a carton of fruit juice.

Sam pays £1.70 for three pints of milk and two cartons of fruit juice. He writes
down the correct equation

3x +2(x +10) = 170

(c) Solve this equation to find the cost of a pint of milk.
(SEG)

3.5| Trial and Improvement Method

The equations which have been solved so far are dalks equations,as they contain
only x or number terms. However, some equationsiatéinear, that is they contain, for

example,x? or x® terms.

Equations such as these can be solvedthiglaand improvemenmethod.

m Worked Example 1

Solve the equation
X*+x =5

by using a trial and improvement method.
E Solution
First give a value of to start the process, for example 1.
Start with 1 and substitute 1 intd + x, giving
P+l=1+1
= 2.

14



Mathematics Enhancement Programme Help Module 3: Equations
3.5

As this is less than % must be greater than 1. So choose a larger value, say 2.

Then substitute 2 intax®+ x to get
2°+2=8+2

= 10.

As this is greater than % must be less than 2. Bxts also greater than 1, so you know
thatx must lie in the interval

1<x<?2.

The next stage is to choose a value between 1 and 2, say 1.5. This is substituted intp
x3+ x and the process is repeated.

The results of each trial can be shown in a table, as below.

Trial Value X3+ X Comment Conclusion
of x (to4d.p)
1 2 less than 5 x>1
2 10 greaterthan 5| 1<x<2
15 5.0625 greaterthan3 1<x<15
1.49 4.9288 less than 5 149 < x<150 ~ sox=15to1d.p.
1.495 4.9953 less than 5 1495<x <1500 ~ sox=150to2d.p.
1.497 5.0221 greaterthan % 1.495 < x < 1.497
1.496 5.0087 greaterthan 5 1.495 < x < 1.496
1.4955 5.0020 greater than % 1.4950 < x <1.4955 ~ sox =1.495to 3d.p.

Note

This process could be continued to give the answer correct to any number of decimal
places. Usually questions will specify the accuracy required and you must always state
the accuracy of your solution. You should ensure that all working is correct to at least
two decimal places (or significant figures) more than is required in the final answer; it
very common mistake to approximate answers too soon in the calculation.

sa

So in this worked example, the answer is 1.495 correct to 3 d.p.

Worked Example 2
Solve the equation
Jx+1-x=0
using the trial and improvement method, giving your answer to 2 decimal places.
Solution

The working is displayed in a table, as in the previous example.

15
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Trial Value Ix +1-x Comment Conclusion

of x (to4d.p.)

1 1 greater than 0 x>1

2 0.4142 greater than 0 X>2

3 -0.2679 less than O 2<x<3

2.5 0.0811 greater than 0 25<x<3

2.6 0.0125 greater than 0 26<x<3

2.7 —-0.0568 less than O 26<x<27
2.65 -0.0221 less than O 2.60 < x < 2.65
2.62 -0.0014 less than O 2.60 < x<2.62
2.61 0.0055 greater than O 261< x <262
2.615 0.0021 greater than 0 2615< x < 2.62

So x = 2.62 to 2 decimal places.

w Exercises

1. Each of the following equations have solutions which are whole numbers.
Find the solution of each equation by using a trial and improvement method.

(@ x*+x =230 by x*-x =702
(c) x*+2x =135 (d) x*+2x = 1752
(e) x°-x = 240 H x+-/x =72
(@ x-Jx =90 (h) x-x%= -1320.

2. Solve each of the following equations, giving your answers to 1 decimal place.
(@ x*-1=10 (b) x++x =7 ) x*-x=4
(d Jx+x=8 e) x*-+x =5 f x*+x =16

3. Trial and improvement can be used to find cube roots of numbers. To find the cube
root of 6, you need to solve® = 6.
(@) Solve x*=6 to 2 decimal places, starting with a first trial value of 2.

(b)  What would be a good first trial value when solvixiy= 1020? Findx.

(c) Inthe same way find the cube root of 350.

‘@l Just For Fun

Find a number, the double of which is 99 greater than its half.

16
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4, Some equations have more than one solution. The equations below all have tywo
solutions, some of which are negative. Find the solutions by using the trial and
improvement method.

(@) x*+x =56 (b) x*-x=72 () x*-1=0

(d) x?*-2x =80 (e) x*-6x=17 (f  x*+5x-24=0

5. Find both solutions to the following equations, giving your answers to 2 decimal

places.
(@ x*+5x-7=0 by x*-6x+4=0
() x*+x-10=0 (d) x*+6x =38

6. (@) Explain why the equation/x + x = 8 cannot have a solution which is
negative.

(b)  Find the solution correct to 3 decimal places.

7. Solve the following equations, giving your answers to 2 decimal places.

(@) 1+x=8 (b) x—1=5 (c) E+x=4
X X X

@ 2+Ux=5 € 5x-2=8 M 2+x=7
X X X

8. Jimmy tries to solve this problem using trial and improvement.

number x 3.1 = 5.6

Try 2.0 20x31=6.2 Too large
Try 1.5 15x31 = 465 Too small

Continue Jimmy's working until you know the number correct to one decimal
place. Write down this number.
(SEG)

9. Judy is using 'trial and improvement' to solve the equation
x*+ x = 1L

Copy and complete her working and find a solution correct to one decimal plac

(4]

Try x=35 35% +35 = 15.75 Too large

Try x=25 25° +25 =875 Too small

Try x=3.0

(SEG)

17
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10. (a) Solve the equatioBx +2 = 17.

(b) () Workout 4=2?, 5=2?
(i)  Use a trial and improvement method to solve, correct to 1 decimal
place, the equation
x® = 100.
Show all your trials.
(MEG)

D C
11. The length, AB, of a side of a square with &38@& m?

300 m* is /300 m.

A B

Sabeeha wants to find this length but her calculator does not h akey,
so she has to use a trial and improvement method.

Her first 2 trials are as follows:
18x18 = 324  (too big)
17 x17 = 289  (too small)

(@) Showing your working clearly, continue for at least 2 more trials until you
have found the length of AB correct to 1 decimal place.

(b) Change your answer to part (a) into centimetres.
(MEG)
12. The numbex satisfies the equation
x* = 20.
(@) Between which two consecutive whole numbers ddie®

(b) Use atrial and improvement method to find this valueafrrect to one
decimal place.Show all your working clearly.
(NEAB)

18
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3.6 Simultaneous Linear Equations

A pair of equations which use both terms at the same time, such as

8
2x+y = 7,

X+ 2y

are known as a pair sfmultaneougquations.

m Worked Example 1

Solve the pair of simultaneous equations

X+ 2y

2X +y

E Solution

First it is helpful to label the equations (1) and (2).

X +2y )

)

2X +y
Equation (1) is multiplied by 2, so that it contains the same numlx&s a$ equation (2).

Let the new equation be labelled (3).

2x+4y = 16 B [2x©®]

7 )

2x+ y

Equation (2) is now subtracted from equation (3).

2x+4y = 16 3)
2x+ y =7 2)
3y =9 3 -2

Solving 3y =9 gives y =3.

This value ofy can now be substituted into equation (1) to give:
X+2x3 =8
XxX+6 = 8

Solving this givesx = 2. So the solution to the equationis= 2, y = 3.

m Worked Example 2

Solve the simultaneous equations

I
N

3x + 5y

-4x+ 7y = -30.

19
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E Solution

First label the equations (1) and (2) as shown below.
3x+5y =2 @
-4x+7y = -30 (2)

Then multiply equation (1) by 4 and equation (2) by 3 to make the numksrinfboth
equations the same.

12x + 20y = 8 @) [4xOD]

-90 @ [3x(2)]

-12x + 21y

Now add together equations (3) and (4) to give
12x + 20y = 8 3
-12x + 21y = -90 (4)

41y = -82 3) + (4)
Solving the equationdly = —-82 gives y = -2.

This value foly can be substituted into equation (1) to give
3x+5x%x(-2) = 2
or 3x-10 = 2.

Solving this equation gives:

3x-10 = 2
3x = 12

12

X = =

3

= 4.

So the solutionisx =4 and y = -2.

Note

It is a good idea to check that solutions are correct by substituting these values back|into
the original equations. Here,

3x4+5x(-2) = 2
and
-4x4+7x(-2) = =30

You must checlbothequations to make sure that you have the correct answer.

20
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m Worked Example 3

Denise sells 300 tickets for a concert. Some tickets are sold to adults at £5 each and some
are sold to children at £4 each. If she collects in £1444 in ticket sales, how many tickets
have been sold to adults and how many to children?

E Solution

Let X
and vy

number of adults' tickets
number of children's tickets.

She has sold 300 tickets, so
x+y = 300.

The value of the adult tickets sold isxEand the value of the children's tickets ig.£4
As the value of all the tickets sold is £1444, then
5x + 4y = 1444,
The two simultaneous equations
x+y = 300 (2)
1444 (2)

5x + 4y

can now be solved. First multiply equation (1) by 5 and subtract equation (2) to give

5x + 5y = 1500 B [5x®]

5x + 4y = 1444 (2)

y = 56 B -0

This value can then be substituted into equation (1) to give
x +56 = 300
or X = 244,

So the solution isx = 244 and y = 56. That is, 244 adults' tickets and 56 children's
tickets have been sold.

|@| Investigation

Consider the following simultaneous equations.
2x+y =6 (1)
x=1-3y (2
If (2) is substituted for x into (1), then
21-3y)+y =6
2-y+y=656

2 = 6!
Find out where the problem lies.
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'L

Exercises

1.

Solve each pair of simultaneous equations.

@ x+2y =25 (b) 3x+2y =19 (© X—-2y = 4
3+y =5 X+5y =15 4x + 3y = 49
(d 2x+3y =14 (e) 3x+4y =2 ) 4x + 2y = 16
5x +2y = 24 7x-5y =9 -3x+2y = -19
(9) 5 + y = 2 (h)y 6x-4y = 12 0] X -2y = 23
-4x + 3y = 44 -9x + 2y = —-66 3 +4y = 39
()] 8x+4y =7 (k) 4x-2y = -0.1 0] 6x -5y = 41
-12x+8y = -6 5x+2y =15 4x + 15y = 31

(m) -2x+5y =14 (n) 8x+5y=-29 (0) 6x-5y=-14

10x + 7y = 26 X-7y = -2 18x -4y = 6
1 1 1 1
6x -8y = -2 —X-=y =0 r —X-—y=-1
(p) i 2y . (a) X2V (n XY
X+2y =1
Ex+gy:10 lx+£y:10
3 3 4 2

Find the coordinates of the point of intersection of the lines:
@ x+y=28 and y=2x-1

(b) x+y=10 and y =2x+1

X
c X+y=4 and =2-—
() y y 0

Describe the problems you encounter when you try to solve the simultaneous
equations:

3x-2y = 8

9x -6y = 2.

(@ Checkthatx =2 and y =5 is a solution of both the equations below.
X+2y = 12
3x+6y = 36
(b)  Try to solve the equations. What happens?

(c)  Write both equations in the forny = ... and comment on the equations yot
obtain.

22
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>

5. lan rows a boat in a river where there is a steady current. He travels at 1.3 mp
upstream and 3.7 mph downstream.

Use a pair of simultaneous equations to finthe speed of the boat in still water,
andc, the speed of the current.

6. A machine sells tickets for travel on a tram system. A single ticket costs £1 and a
return ticket costs £2. In one day, the machine sells 100 tickets and takes £172.
How many of each type of ticket were sold?

O

7. A shopkeeper takes 200 notes to a bank. They are a mixture of £5 and £10 naqtes.
The shopkeeper claims that there is £1395.

(@) Find out how many of each type of note there should be.

(b) Infact the value of the notes turns out to be £1390. How many of each type
of note does this mean there should be? What error do you think the
shopkeeper made?

8. A bus stops at two places. The fare to the first stop is £3 and the fare to the second
stop is £5. When the bus sets out, there are 38 people on the bus and the driver has
collected £158 in fares. How many people get off the bus at the first stop?

9. When Isa travels to the USA for a holiday he leaves the UK at 1.00 pm local time
and lands at 5.00 pm local time. On the return journey he leaves at 8.00 pm logal
time and lands at 10.00 am local time the next day.

Find the length of the flight in hours and the time difference between the UK and
the part of the USA that Isa visited.

10. Solve the simultaneous equations,

2x+3y = 23
X+y =4
(LON)
11. Solve the simultaneous equations,
2a+4c = 13
a+3c = 8
(NEAB)

12. The heighth metres, of a sky rockéseconds after being launched is given by th
formula

1%

h=at’?+bt+2

wherea andb are constants. The heights of the rocket above the ground at two
different times are given in the table below.

t (seconds) 1 2

h (metres) 37 62
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(@) At what height above the ground is the rocket launched?

(b) (i) Use the table of values to show that

atb =235
and 4a +2b = 60.
(i)  Solve these simultaneous equations to find the valaeaoid the
value ofb.

(c) What was the height of the sky rocWe% seconds after it was launched?
(MEG)
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Answers to Exercises

Changing the Subject

1. (a) x:% (b) xz%s ©) xzyz8
€ x=85+2  (Hx=y-a (g x=ya+b
() x=Y0 () x=22EE ) x=y-a-b
mx=2 @ x=LF (o x=XLD
(@) x=%—a (r)x:%—3 (s) x=2—??+4

(U x =4@z-a)+3

2. I=M; sz
R I
3 m=E ;a=E
a m
4, r=£
2m
5 (a) t=+Y (b) a= Y4
6. z=3m-x-y
2 .2
7. (@ a=Y 4 (b) a= —
t+= ¢
(t+ )
8. zzl
Xy
v . .
9. (a) r:+\;E (only a positive value becauseés radius)
_9y2
10. (a) h= 2 ; h= A= (b) 2 (©) 2.5
X 4x
2A 1 3ah 2A

11. (a) a=—-b
@ n

A= =-x3axh=—; a
® 2 2 3

25
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() x=4-2

(h) x=X—°
a

() x=yc+a-b

M) x= pd+ bc

4v
t) x= —-
t x c Y

(b) 2.82
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Answers
3.2 | Simplifying Expressions

1. (@ & (b) A+12 (c) 1a+6b (d) 4+ 1ly
(e) 1x-y (H 2a+ 1 (99 A+b+6 (h) -1
(i) —7™x+3y (4) 2x-p (k) 1%—-% () —-14+ 52
(m) 8&+49-& (n) p-gq+x+z (0) X-Y+10 (p) 24— 3
(@ &% (n (s) —-19+ 11y (t) 2x%x-18/ -4
(u) —-&-10/ (V) —4+4q

2. (a) 6x*+8x (b) x*+13x +10 (c) 2x* +10x
(d) 5x* +2x +10 (e) —x* + 7x () 3x? + 4y?
(@ 2x*+y*-x-y (h) 5x* -3x-10 () 3x*-3y*-x-y
() 5x*+2y-4 (k) 5ab +cd (I) 2xy +5xz
(m) 1lab - 3ad (n) 9pqg - 3qr

3. (@ X+15 (b) 24+4 (c) x+14 (d)y x+12
(e) x+10 fH &+12 (9) 1%+ 10 (h) 4a+24
(i) 7x—42 () 40-8 (k) 8-—28 () 3%-21
(m) 1&-30 (n) &-8 (0) 5+ 10/ + 1% (p) 5x + x?
(q) 2a-a? (r H-12 (s) 2x? - 12x (t) 8x? +12x
(u) 21x - 6x? (v) 8x% - 40x

4, (@) A+26 (b) »7+ 23 (c) B+22 (d) 2x% + 7x
(e) x*+9x+4 (H 12+17

3.3| Simple Equations

1. (a) x=4 (b)x=9 (c)x=3 (dyx=12 (e)x=14
fH x=-2 (9)x=9 (h)yx=4 () x=18 ()x=8
(k) x=34 Hx=7 (m)x =10 (n)x=24 (0)x=50
(p) x=12 (qyx=21 () x=166 (s)x=8 tx=6
(u) x=26 (V) x=136 (w) x=15 xX)x=4

2. (a) x=-4 (b)x=-5 (c)x=3 (d)x=-6 (e)x=-4
fH x=-14 (g)x=-6 (h)x=-3 () x=-20 (mx=28
(n) x=8 (0)x=6 (p)x=-5 (q) x=-10 () x=-26

3. (a) x+110°=180°; x=70° (b) x +92°=180°; x =88°
(c) x+110°=180°; x =149° (d) 42°+ x +40° =180°; x =98°
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3.4

Answers

4.

X—-2=16;x=18

12 x x =54; x = £4.50

. X+3=41;x=£38

52 is double Majid's number, so the number is half of 52. Itis 26.

Alternatively, x x 2 =52, s0 x = 26.

24 is double Jim's number, so his number is half of 24. Itis 12.

Alternatively, x x 2 =24,so0 x =12.

Phillip is 11 years old. Sue il - 2 = 9 years old.
Ali is twice as old as Sue, so Ali i9 x 2 =18 years old.

Solving Equations

1.

Help Module 3: Equations

(@ x=14 (b) x=9 (c) x=14 (d) x=8
® x=7 @ x=5 h) x=-1 Q) x:‘35
(k) x=6 h x=-2 (m) x=10 (n) x=1
1 _1 _-3
(p) x= 22 (@) x c (n x 2 (s) x=-3
(u) x=_—52 (V) x=36 (w) x=15 x) x=5
@ x=-3 () x=-6 () lej’ (d) x=14
(e) x=4 (Hh x=10 (9) x=1 (h) x=-3
0 x=3 k) x=4 (|)x=§ (M) x=3
© x=>  @x=4  @x=2 () x=
t x=12 (u) x=32 (v) x=14 (w) x=39

(@) (3x+40)+80+x=360; x=60°

(b

(d)

x+x+(x+1)+(x+1)=10; X=2m

2Xx+10=42; x=16

27

) (x+10) +(x +30) + (2x + 30) + x = 360; x =58°
(€) (x+10) +(x +30) +(x - 10) =360; x =110°
(

140 - x) + (120 - x) + (180 - x) = 360°; x = 265°

(e) x=4
) x=7

(0) x==

t x=0

(i) x=13

(n) x=2

(s) x=8

x) x=12
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Answers

6. 6x—-8=34; x=7

7. 4m+2=6; m=1; Mary drives for 1 hour.

8. (a) 80+ (60 x ) = 200; x = 3% (3 hours and 30 mins).
(b) 80+ (60 x x) =220; x = 2:1% (2 hours and 20 mins).

9. (@) (x+6)x2=18; x=3 (b) (x+2)+10=16; x=12
(©) [(x+2)+2]><2=9; x=5 (d) [(x—7)+2]><10=115; x = 30

10. x+(x+1)+(x+2)+(x+3):114; X =27

11. 6

12. (@) y=2x+1 (b) x=4

13. @ 7 (b) 4

14, x=2

15. (a) x = 4% b) y=4

16. (@ (3x+lcm (b) () 3x+1=22 (i) 7cm,5cm and 10 cm.

17. (a) Zpence (b) X+ 10) pence (c) 30 pence

Trial and Improvement Method

1.

@ x=5 (b) x =27 (c) x=5 (d) x=12 (e) x
(Hh x=64 (g) x =100 (h)y x=11

(@) x= 2.2 (to 1 decimal place) (bx = 4.8 (to1d.p.)
(c) x=1.8 (told.p) (d)x=5.6 (told.p.)
(e) x=26 (told.p.) () x=24 (tol1d.p.)

(@) x=1.82 (to2d.p.) (b) 10.1is a good starting numhesr; 10.07 (2 d.p.)

(c) 7.05 (to2d.p.)

(@ x=7o0r-8 (b)x =9 or-8 (c)x=1or-1
(d x=10o0r-8 (e)x=7or-1 (f) x=3o0r-8

(@ x=1140r6.14 (b)x = 5.24 0or 0.76 (c)x = 2.32 or-4.32

(d x=1.120r-7.12
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Answers

3.5 6. (a) xcannot be negative because, so far, we have no meaning for the square rqot of
a negative number.

(b) x =5.6281t03d,p,

3.41 or 0.59
6.19 or 0.81

7. (8 x=7.870r0.13 (b)x = 4.24 or -0.24 (c)x
(d) x=2331 (e)x = 6.46 or 0.06 fx

8. x=18told.p.
9. x = 2.9 gives the result nearest 11.

10. (@) x=5
(b) () 4®*=64; 5°=125 (i) x= 4.6 (to1d.p.) isthe nearest value.

11. (a) 17.3m (b) 1730 cm (to the nearest 10 centimetres)
12. (@) 2and3 (b) 2.7

3.6 | Simultaneous Linear Equations

1. (@ x=Ly=2 (b) x=5y=2 (c) x=10,y=3
46 -13
d x=4y=2 e) XxX=—,y=—"+ f) x=5y=-2
(d) y (e) e A= (f) y
(99 x=-2,y=12 (h) x=10,y=12 () x=5y=6
. 5 9 7 13 1
X=",y=" k = — y==" ) x=7,y==
@) =R (k) PR A 0 Y=g
1 43 48
m) x==,y=3 n x=-3y=-1 0) X=—",y=—
(m) Y (n) y (0) V1
(p) x=02,y=04 (q) x=10,y=20 (n x=-20,y=30
720 160

2. (a) (3,5) (b) 3,7) (%,EE

3. Itis not possible to eliminate eitheory because of their coefficients. If the
equations had been used to produce graphs it would be seen that the two straight
lines produced are parallel. Therefore, there can be no point of intersection and|it is
impossible to solve the equations simultaneously.

4. (b) There is no way of eliminatingory in order to find the value of the other
variable.

(c) x+2y=12 (1) givesy=6-

N Ix N IX

3x+6y=36 (2) gives y=6-

So equations (1) and (2) are different versions of the same equation.
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Answers
5. v+¢c=37; v-¢c=13; v=25c=1.2.
6. 72 return tickets and 28 single tickets were sold.
7. (&) 79 ten-pound notes; 121 five-pound notes

(b) 78 ten-pound notes; 122 five-pound notes
8. 16
9. The length of the flight is 9 hours; the time difference is 5 hours.
10. x=-11,y=15
11. a= z, c= 3

2 2

12. (&) 2 metres

(b) (i) t=1whenh=37,9037=(a><1)+(b><1)+2and35:a+b
t=2whenh=62,9062=(a><4)+(b><2)+2and60=4a+2b
(i) a=-5;b=40
(c) 20.75 metres
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