Chapter 7 Properties of Curves

7 PROPERTIES
OF CURVES

Objectives

After studying this chapter you should
* have been reminded of the graphs of all the standard functions;
» understand how to find the important points on a graph;

* be able to find the vertical, horizontal and oblique asymptotes
to a given curve, where appropriate;

* be able to identify restricted regions of the plane;

* be able to sketch the curves of functions related to a given
function;

* be able to work with the curves of functions given in
parametric form;

« understand how to derive the equations of chords, tangents and
normals of a given curve;

e be able to apply standard elimination techniques to curves
defined parametrically in order to determine their cartesian
equations.

7.0 Introduction

Note on graphics calculators

During the work in this chapter you will be expected to have
access to graph-plotting software or a graphics calculator. Youare
encouraged to use these facilities not only to confirm answers
gained analytically, but also to help guide you in your line of

attack to many of the problems. More importantly, you should be
willing to experiment: the use of such aids as a companion to
intelligent mathematical thought could boost your understanding

of functions and their graphs enormously. Used as a substitute for
intelligent mathematical thought, they will merely prove to be

little more than expensive toys.

You should note that, when questions are set on examination
papers, working must be shown which supports any answers
which you have arrived at. It is, therefore, important that you
develop the necessary analytical skills outlined here.
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Chapter 7 Properties of Curves

Activity 1

(a) Copy and complete the following table of coordinates for the
- _ 1 3.2 2.
function y—%x (x 7) :

X ‘ -3 -2 -1 0 1 2 3

v |
Now plot these points on a piece of graph paper, taking 1 cm to
1 unit on each of the coordinate axes, and join them up.

(b) Comment on the graph you have just drawn in relation to its
equation.

(c) Plot the graph of = %ﬁ(xz - 7)2 on a graph-plotter/graphics

calculator forx from —3 to 3. Compare this with your graph and
discuss the results in your class or group.

The above activity was really a warning about the difficulties that
could arise by plotting points without doing any detailed analysis.

The functiony = %x?’(x2 - 7)2 is a polynomial of degree 7

(presumably called a heptic rather than a septic!), and as such could
have up to 7 crossing points on thaxis, and up to 6 turning

points. The purpose of part (a) was to get you to draw a straight line

— the alarm bells should have been ringing, loudly. y

Another problem with accurate scale-drawings is that they might
miss out on the key features. If this sounds stupid, think of the
graph ofy =¢€*, which is shown opposite, and should be very
familiar to you.

Such a diagram gives the general impression of exponential grcmah/

It is, however, remarkably inaccurate! Try it on your graph plotter, 0
and see if you can scale it so that the part of the grapkh¥@

stays on the screen while the other part of the grapk £ does
not simply become the negatixeaxis.

Consider taking 1 cm to 1 unit on each axis pladting points for

x=0,1, 2, 3,... When you get to=64 (64 cm is approximately 2
feet from the origin), thg-coordinate is

e =6x10"cm=6x10"m.

Now the radius of the observable universe is only aBeut0*°m,
so your diagram of accurately plotted points would be halfway
across the universe by now. The point of all this is that the
exponential function not only outgrows all finite polynomials
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(sooner or later), but that it cannot be drawn both accurately
and realistically.

You will see now why it is important not to let the graph-
plotters do all your thinking for you. At best, they only work
with a limited number of points on the screen, and what they
draw for you is only an approximation to a continuous line,
straight or curved. The purpose of this chapter is to enable you
to handle a wide range of functions, given in a number of ways
andjustify the key features of their graphs analytically.

7.1 Graphs of standard
functions

Activity 2

Try to sketch as many of the graphs of the following functions
without the aid of a graph-plotter in the first instance. If you get
stuck, or wish to experiment a little, then use whatever facilities
you have to continue with.

In the relevant cases, try different sets of values of the constants
involved @, b, c, ...); in particular, consider the cases<0 and
a>0.

1. (a) y=ax*+bx+c
(b) y=ax +bx® +cx+d

How many different 'sorts' of quadratics/cubics are there?

2. (a) y=a€e
(b) y=e*
(c) y=In(ax) (x>0)
(d) y=alnx (x>0)
(e) y=asinx
(f) y=acosx
(9) y=atanx
(h) y=asinhx
(i) y=acoshx
(j) y=atanhx

a a
3. (@ y=_— (by=—

X X
4. In each case in Questions 1, 2 and 3, comment on any

symmetric properties possessed by the graphs of these
functions (e.qg. reflection, rotation, translation, ...).

Chapter 7 Properties of Curves
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Chapter 7 Properties of Curves

7.2 Important points

While there are some features of functions which are best looked at
generally, there are a number of points on a curve which must be
determined exactly. These are

(a) the crossing points on the axes;
(b) the turning points (T.P.) of the curve;
(c) points of inflexion (P. of I.).

Reminders Given a curve with equatiop= f(x):

(a) the crossing points on the axes occur wkerD (on the
y-axis) and whery =0 (on thex-axis). These crossing points

then have coordinatd®, f(0)) and(a, 0), (a,,0), ..., (a,, 0)
where thea's (i =1 ton) are then solutions to the equation
f(x)=0.

(b) the stationary values (i.e. the turning points and horizontal

points of inflexion) occur Whe% =0, having coordinates

(b1, (1), (B2, F(05)), oo (s £(B)),

where theb's (i =1 tok) are thek solutions to the equation
f'(x)=0.

If f(b)<0 then(q, f(q)) is amaximum point, while if
f7(b)>0 then (bl, f(q)) is aminimum point.

2
(c) points of inflexion, in general, occur Whédjf%l =0. Itis not
X

necessary tha% =0. Unfortunately, it is not always the case
X

2
that% =00 inflexion. [Think of the graph of = x*: when
2 3 4
x=0,y=0, =0, 9Y =0 Y -gput9Y=24 The
dx dx dx dx

point (0, 0) is in fact, a minimum turning point.]

As a general rule, however, complications are kept to a minimum at
A Level, and as you are not required to work beyond the second
2

derivative%, or f”(x), in this context, it will generally be
X

2
assumed thagx—g =0 implies a point of inflexion.
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Example
. In x
For x>0, a curve has equation=—-.
X

(a) State the coordinates of the point A where the curve crosses
the x-axis.

(b) Calculate, in terms dof, the coordinates of B, the turning point

%y
of the curve, and the value 03—2 at B. Describe the nature
X

of B.
(c) Find the coordinates of C, the point of inflexion of the curve.
(d) Sketch the curve.

Solution
(@) Wheny=0, Inx=00 x=1s0A=(1,0).

1
dy X~ (Inx).1
(b) ~2=—X___ pythe Quotient Rule
dx X
_1- In x
X2

ForaT.P.,dy:OD Inx=10 x=e and B:%,ED.
dx e|:|

xed10_ (1-Inx)2x

2 0 x0O .
d—g = X 7 by the Quotient Rule
dx X
_2Inx-3
x3
_ d’y__1 , , :
Whenx =e (at B),F =-—3<0, and B is a maximum point.
X e
2 3
(c) ForaP. of I.,d—g=0D Inx=§D x=e? and
dx 2
Os 30
C=r¥?, .
g ZG%E
(d) Nowln—x>0 for all x>1, but ase* grows more quickly than
X

any polynomial inx, solnx grows more slowly than any
polynomial, including a linear one (in this case, jxjst

In x
Thus—= - 0 asx — .

X

For0<x<1, the reverse is trudn x —» —o asx - 0; also

1 ~ o asxXx - 0, so thatlnx.l - —o00,
X X

Chapter 7 Properties of Curves
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Chapter 7 Properties of Curves

The results are summarised below. y
As x - 0, (i.e. from the positive side);, - —o (diagram 1) and as -
0 X
X - 0,y - 0, (diagram 2).
Diagram 2
The curve crosses theaxis at A(1, 0), has a single turning point at y
Bge,lmz (2.72,0.36%
and a (non-horizontal) point of inflexion at 0 X
3 Diagram 1
crt, 2 gz (4.48,0.335.
2e?
y B
/AS
The sketch of the curve then looks like the one opposite. 5 " .

Notice that no attempt has been made to impose a scale on the
graph, yet all essential features have been incorpoeate dully
justified. This is what curve-sketching is all about.

Exercise 7A

1. Find the coordinates of the point of inflexion of 6. The diagram below shows the shape of the graph
the curve with equatiory = x® - x? - x-15. of the functionf, where f:x - xe* forrealx.

Y
2. A curve has equatioy:x—1+%l. Calculate
X

the coordinates of the turning points of the curve
and determine their nature.

3. Determine the coordinates of the points of

inflexion of the curve with equatioy=sechx. 0 X
Sketch the curvey =sechx. A
4. A curve has equatiog= x3 -6x? +3x+10.
(a) Find the coordinates of the points at which Determine the coordinates of the stationary point
this curve meets the coordinate axes. A and hence write down the range fof
(b) Find also the coordinates of the point of oo x-1 . dy
inflexion of the curve. Sketch the curve. 7. Acurve has equatioy = 242" Find dx and
5. Find the coordinates of the turning points of the hence find the coordinates of the turning point of
curve with equatiory = x2¢™®, and determine the curve. Determine whether this turning point

their nature. Sketch the curve. IS a maximum or a minimum.

8. Determine the coordinates and nature of the

turning point of the curvey =5coshx +sinhx.
Sketch the curve.
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Chapter 7 Properties of Curves

1.3 Asymptotes

In the example in Section 7.2, the crossing point, turning point and
point of inflexion were found and yet it was still not possible to do
more than guess about the complete behaviour of the curve of the

. Inx
function —.
X

. . y = tanx
In order to complete the picture, it was necessary to see what

happened neax =0 ( on the positive side) and for very large
values ofx. The 'limiting behaviour' of the function for such
values ofx was made clear without having to resort to plotting
individual points. Such 'limiting behaviour' is called the
asymptotic behaviour of the function, or of its curve, as it - n X
approaches, but in practice never quite reaches, a steady state:
usually a straight line which is call asymptote of the curve.

The graph ofy =tanx has vertical asymptotes at regular intervals
of m radians, occurring when Diagram 1

X=...,-

Ny

g 3g (diagram 1 opposite). y

= tanhx
The graph ofy =tanhx has horizontal asymptotes at Y

y==1 (diagram 2).

The graph ofy=% has one horizontal asymptotes= 0, and one

vertical asymptotex = 0(diagram 3).
Diagram 2
Unless the asymptote approached by the curve coincides with one
of the coordinate axes, it should be drawn as a broken line. lItis
important to mark asymptotes on diagrams, if for no other reason

than to prevent your diagram going where it should not. &

Vertical asymptotes are more easily spotted than others since they -
. . . . . 0 X

are usually associated with valuesxafhich cannot be input in

the given function, since it would become undefined.

Diagram 3

Example

Sketch the graphs of the following functions, and state the
equations of any asymptotes.

(@) y=In(x-1) (x>1)
0 y= > (x#2)
(©) y:m (x#1,x#4)
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Chapter 7 Properties of Curves

Solution

(a) Asx - 1, (xapproaches 1 from the positive side, i.e. from

above),In(x-1) - -0
For x<1, In(x-1) is undefined.

Thenx =1 is a vertical asymptote, and the graph is simply a
translation ofy =Inx.

The crossing point occurs where 2, sinceln(2-1)=0.

(b) y= =2 is not defined forx = 2, since division by zero is

not permissible: the vertical asymptote is thus2.
Also, whenx =0,y = —g, buty =0 gives no values of, so

the curve does not cross or touch xhaxis. However, as 104
X > 0,y - 0, and asx » —o,y - 0—, so thex-axis is also

an asymptote of the curve. 1.5

In fact, although this example is a simple case, itis not  _;ql
always clear which side of the asymptote the curve is.

Here, asx - 2, (x approaches 2 from above),-» +o, and
asx » 2—-,y - —oo,

[It is easy to check these results using any calculator by
choosing, sayx=2.001 ank =1.999in turn.]

1 L 1 O
c) y= L
©y (x-1)(x-4) U x*-5x+40

Whenx =0, y:% s0(0,1) is the only crossing point

here. Asx - +o, y - 0, and asx - —o, y - 0,.

[Note that wherx is very large (positively or negatively),
the '-5' and the '4' become insignificant in comparison to

the x* and the curve is approximatel%for large| x|.]
X
Thusy =0 is a horizontal asymptote.

x=1andx =4 are vertical asymptotes, and
as X —» 4+, y — +o00; y

asxXx - 4_, y - —oo;

asx-1,, yo —oo;

asx -1, y - +oo.

A preliminary sketch might look something like the diagram

opposite.
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Chapter 7 Properties of Curves

It is clear that, since the curve does not crosstaeis between
x=1andx =4, there is a maximum point somewhere in this
interval. For the present, there is no suggestion that finding the
coordinates of this maximum is necessary (under exam conditions
never do more than is asked of you — there isn't time!) but a little
calculus would do the trick.

An alternative is to complete the square xf—5x +4 by writing

it as %(_Z)EF —% which has a minimum agg —%g so that its

yi
. . 40
reciprocal has a maximum T on
The completed graph is shown opposite. 0 I 7 =
Example
Determine the equations of all the asymptotes of the curve with
equation
_x*-x-6
1-x2

Find all the crossing points of the curve with the coordinate axes,
and sketch the curve.

Solution

2 _y_
The functionxixz6 is called a rational function, being the

guotient of two polynomials. Such a 'fraction' is considered
proper if the numerator is of lower degree than the denominator.
In this example, the 'fraction’ is improper (i.e. top heavy) and long
division can be undertaken as follows:

x2-x-6 _ ‘(1‘X2)‘X_5__1_ X+5

1-x2 1-x2 - 1-x2
X+5 )

(1-x)(1+x)

(or -1-

Now, clearly,x =1 andx = -1 are vertical asymptotes of the curve.
Asx -1,y +oandax -1,y - -

Asx - -1,y —owandax - -1,y - +c0.

2 _y—
,1)(;52-;%:_1 SO thatxixzﬁz—H1
=X

Also, for large| x
-X X 1-x X

for large values ofx]|.

177



Chapter 7 Properties of Curves

Then,as X - +o,y > -1,
and as X - =00,y -1
and y=-11is a horizontal asymptote.
Next, when x=0, y=-6;
and when y=0, x*-x-6=0
O (x=-3)(x+2)=0

O x=-2,3

The curve looks like the one shown opposite.

Notice that the curve actually crosses the horizontal asymptote |
before turning and approaching it againxas —o. There is no

reason why this should not happen, but some students have / \
difficulty with the idea and think they have made a mistake

where the 'ax - -,y - =1_"is concerned.

The other point to note is that the curve is clearly not symmetric
in any vertical axis: the point (0, —6) may well not be the turning
point. Calculus would be needed to determine the positions of
the maximum and minimum points sketched here.

Oblique asymptotes

2 _
Consider the curve with equatigrne %X;ll This is

definitely a 'top heavy' algebraic fraction. Long division would
give
x2 -5x+11 C

= Ax+ B+
X+2 X+2

for some constantg, B andC.

2
A is clearly 1 since the LHS here is essentiamy: 1xandC
X

could be deduced by the Cover-up Method. This standard
'multiplying-through-and-substituting-values/composing-
coefficients' method can be used as an alternative to long-
division. Another alternative is the algebraic 'long-division’
manipulation method used in the last example:

x? =5x+11 _ x(x+2)-7x+11
X+2 X+2
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Chapter 7 Properties of Curves

_X(x+2)=7(x+2)+25
- X+2

25
X+2

X—=7+

The curve here has vertical asymptote -2 (as x - -2,

Yy » +oo and asx » —2_,y —» —o).

Nowas  x - +m, 22 _ 0, andy = (x-7),,
X+2

while as X - =, 22 _, O_andy=(x-7)_.
X+2

Thus the curve has no horizontal asymptote, but has the line
y=x-7. Such an asymptote is calletlique.

When x=0, y=="-, y
2 30 |

and when y=0, x*-5x+11=0

-1
|:| X = u
2
and there are no crossing points onxrexis. _7g 2 0 7 10 X
4_7 o
The curve looks like the one shown opposite.
/_\ _307
Exercise 7B
1. For each of the following curves find the 2. Find the constanta, B andC such that
coordinates of any crossing points of the curve 2 -5 c
with the coordinate axes, and obtain the = Ax+B+
equations of the asymptotes. x-2 x-2
5 Determine the equations of the two asymptotes
X +2x-3
(a) y:T(X;,: -2) of the curve
3 y=x"5
X = =
b) y=——————(x#-3,x#1 X-2
®)y x2+2x—3( )

and show that the curve has no real turning
() y:x+i2(x¢0) points. Sketch the graph of the curve.
X
2
X

x2 +1

(d) y=
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Chapter 7 Properties of Curves

2
3. Forx#1, a curve is defined by the equation 5. A curve has equatiog= X +::. Find the
X —
X+22 . Find coordinates of any crossing points of the curve
(X‘l) with the coordinate axes, and any turning points

of the curve. Determine also the equations of the

(a) the coordinates of the crossing points of this .
curve's asymptotes and sketch this curve.

curve with the axes;

(b) the coordinates of any turning points of the 6 4-ax?
+X

Given that the curve = has asymptotes
curve;

(c) the equations of the asymptotes of the curve. X=-landy=1-x, find the values o& andb.

X2 + ax—2a> Show that, at all points of the cuer'.(,jL,y is
4. The curve C has equatiqn:f where dx
X

2 negative. Sketch the curve. (Cambridge)

ais a constant such thatz1 anda# -2. _ )
7. A curve has equatloy:—ln‘l—x

(a) Find% and deduce that if C has stationary Determine
X

, X£E£L.

(a) the coordinates of the points where the curve

points then-2<a<1. .
crosses the axes;

(b) Find the equations of the asymptotes of C. (b) the equations of the asymptotes of the curve.

(c) Draw a sketch of C for the case where
O<axl.

(d) Draw a sketch of C for the case where
l<ax<?2. (Cambridge)

7.4 Restricted regions

In an equation of the forng= f(x), there are very often either
individual values ok, or whole ranges of values »fwhich

cannot be used. Usually these are either immediately obvious,
or in most cases, explicitly excluded in the question, and present
little difficulty.

However, looking back at the final three curves in the examples
of Section 7.3, you will note that there are ranges of valugs of
which cannot be obtained as output values from the function
concerned. They are restricted regions of the plane, or
‘forbidden areas', where the function cannot go.

2 _
Take the exampl«y:%x;ﬂ: in the region above the
X
maximum point and below the minimum point, there are no
values ofy obtained by the function. One way to find this range
of values would involve sketching a graph of the whole curve;
noting that such a restricted region exists; then using calculus to

determine the positions of the two turning points.
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Chapter 7 Properties of Curves

In cases like this, however, there is an alternative approach that
can be used to begin with which is based on the observations
relating to the solution of quadratic equations which led to the
study of complex numbers in Chapter 3.

The quadratic equatioax’ + bx+c¢ =0 has solutions

« = -b++/b% -4ac

2a

If these values of are to be real, then tltkscriminant,
'b? - 4ac’, must be greater than or equal to 0.

Now

:x2—5x+11

y X+2

O  (x+2)y=x*-5x+11
O 0=x%-(5+y)x+(11-2y)
For real values of,

(5+y)*-4.1(11-2y)20 (a=1, b=—(5+y), c=11-2y)

O  y*+10y+25-44+8y>0
0 y? +18y-19>0 o)

_ \ _
0 (y+19)(y-1=0 3 oy

O (seegraph)y<s-19 ory=1

Hence, the restricted region in this case19<y<1, and the
curve in question does not enter this mathematical 'no-go area'.

A bonus of this method is that =19 and 1 must be coordinates of
the turning points of the curve.

y=-190 0=x%+14x+49=(x+7)° 0 x=-7.
y=10 0=x*>-6x+9=(x-3)° 0 x=3.
The curve then has a maximum point at (-7, —19) and a

minimum point at (3, 1), and there are no valueg bétween —
19 and 1.

In both cases above, the value of y gave rise to a quadratic
equation in X which had double roots. Explain why this is so.
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Chapter 7 Properties of Curves

Example
For the curve whose equation is
4

y= -1
(x-4) x-1

find the equations of the three asymptotes. Determine the set of
values ofy for which no part of the curve exists and deduce the
coordinates of the turning points of the curve. Sketch the curve.

Solution

4 1 3x 3X

Note, first, thaty = - = or
Y Ca x-1 (x-=4)(x-1)  x*-5x+4

The vertical asymptotes ase=1 andx = 4.

[As X > 1,y > -0, X1,y +o, ASX > 4,y — +0; as

X—>4_,y—> _00.]

Next, asx - o,y » 0, and asx - —o,y - 0_ so thaty=0is a
horizontal asymptote.

- 3X ) _ , i
V= 2 gya D (X -5x+4ly=3x0 yié ~(sy+3x+4y=0

For real values of,

(5y+3f-4.y.4y>00 25/2+30y+9-16y>>0

f(y)

0 3y?+10y+3=0
O (3y+1)(y+3)=0
1
0 y<-3,y=2-=
ys-5,y2 3 3

and the curve takes no valuesyauch that-3<y<-

Wik

When y=-3,-3x*+12x-12=00 x*-4x+4=00 (x-2)°=00 x=2

When y:—l,—lxz—fx—ﬂ:om X2 +4x+4=00 (x+2)°=00 x=-2
33 3 3

The turning points are then

a maximum at (2-3) and a minimum at«2, —3).
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Chapter 7 Properties of Curves

When x=0, y=0 and vice versa, so there is only one crossing y
point.

The curve looks like the one opposite.

&
Exercise 7C M

2
1. A curve has equatiog= (x +12) . Show that (c) the shape of the curve for large values
X
there are no values offor which -12<y<0. of ‘ X"
2
i _2+10x-x* 6. A curve has equatiog=""*9  Find the

2. Given thaty—T, find the range(s) of . q L W —ox+2"

possible values of. range of values oy which exist for reak.

. . . Deduce the coordinates of the turning points of
3. Find the set of values & for which the equation the curve and sketch the curve.
2x% +4x+5=kx has no real roots.

2
4. Determine the possible valuesyin the 7. Given that is real andy= (XZ‘Z) . show that
following cases: X“+4

0<y<2. Hence write down the coordinates of

_3-x? _ X+2 - : :
(a) y= (b) y= . the two stationary points on the curve with
X+2 3-X 2
Ix—3 equationy:(xz_izl. Sketch the curve showing
5. Given thatx is real, show that4< —5—<1 X+ .
x“+1 clearly how the curve approaches its asymptote.
) ) 4x—-13 With the aid of your sketch, explain why the

Sketch the curve with equation= —>—, ) ) 2

x*+1 equatlonx(x +4)=(x—2) has only one real

showing clearly on your sketch root.

(a) the coordinates of the points where the curve
crosses the coordinate axes;

(b) the coordinates of the maximum and
minimum point;

7.5 Symmetry

In Chapter 4 oPure Mathematicsyou encountered a number of
transformational symmetries using functions.

The results you should be aware of are as follows:
Given the graph of functiog = f(x), and a non-zero constamt
(i) the graph ofy = f(x)+a is a translation of/ = f(x),
parallel to they-axis of g%
(i) the graph ofy = f(x+a) is a translation of/ = f(x)
parallel to thex-axis ofg—gg;
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Chapter 7 Properties of Curves

(iii) the graph ofy =af(x) is a stretch oy = f(x), parallel
to they-axis, by a scale factor af

(iv) the graph ofy=f(ax) is a stretch ofy = f(x), parallel
to thex-axis, by a scale factor 0%.

Two results, in particular, were noted:
y= f(-x) is a reflection ofy = f(x) in they-axis
and y=-f(x) is a reflection ofy = f(x) in thex-axis.

It is these final two results which will be developed further in
this section.

Activity 3

Using a graph-plotting facility, draw the graphsyof f(x) in
each of the following cases. For each example, plot on the same
diagram the graph of = f(-x), and comment on the type of

symmetry (if any) relatingf (x) to f(-x).

1. f(x)=x? 2. f(x)=2x> 3. f(x)=x>-4x

4. f(x)=x*+2x*-1 5. f(x):x—§ 6. f(x)=2sinX

7. f(x)=2cosx+1 8. f(x)=tan 9. f(x)=cosh}x
10. f(x)=tanhx 11.f(x) = x? +sinx

12. f(x)=secx+tanx

In Activity 3, you should have noted that the functions in 1, 4,
7, 9 exhibited reflection symmetry in tlyeaxis; while those in

2, 3,5, 6, 8 and 10 exhibited two-fold, (180°) rotational
symmetry about the origin.

Use the series from Chapter 6, if necessary, to explain why
the above results turned out to be as they did.

Check your ideas for the functions in 11 and 12, which failed to
exhibit either type of symmetry.

Odd and even functions

A functionf is said to be apven functionif and only if
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for all x in the domain of. Such a function has reflection
symmetry in the/-axis.

A functionf is said to be andd function if and only if
f(=x)=-f(x)

for all x in the domain of. Such a function has (two-fold)
rotational symmetry about the origin.

Example

Determine whether the following functions are odd, even or
neither:

(@) f(x)=sinxcosx; (b) g(x)=sinxcosx+1
(c) h(x):xz—%+4; (d) i(x) = xtanx

Solution
(@) f(-x) = sin(-x)coq-x)

=-sinx.cosx [sin(-x)=-sinx and cof-x) = cosx]

—(sinx cosx)
= =1(x)
andf is an odd function.
Alternatively: f(x)=3sin2x so
f(=x) = $sin(-2x) = - $sin2x = —-f(x).
(b) g(-x)=-sinxcosx +1, andg is neither odd nor even.

© h(-x)=(-x)2-, L +4=x +%+4, andh is neither odd

(=x)

nor even.

(d) i(-x)=(-x)tan(-x) = -x.—tanx = xtanx =i(x), andi is an
even function.

Two immediate consequences

For an even functiofy J'a f(x)dx = Zij(x)dx since the area
—a

under the curve (and above tk@xis) from -a to 0 is equal to
the area under the curve from Oao

For an odd functiof, Ia f(x)dx =0 since the area on one side
—a

of they-axis has area of equal magnitude to that on the other
side, but of opposite sign.

Chapter 7 Properties of Curves
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Exercise 7D

1. Determine whether the following functions are Show thati2 is an odd function, and hence

odd or even or neither: 1+x _

sketch the graph of this curve for all real values
(a) f(x)=2x*-3 (b) f(x)=sin’x of x.

. L sinx
3. The functiong is given byg(x)=——. B

(c) f(x):taﬂ (x#0) (d) f(x)=sinhx-xcoshx 9159 vo() Y

considering the Maclaurin series sihx, or

— — 3
(e) f(x)=[x| () f(x)—cos(x ) otherwise, show thafim {g(x)} =1. Prove that
(@) f(x)=3x (h) f(x):u (x#0) the graph ofy=g(x) is symmetric in the-axis.
X

Sketch the graph oy =g(x) for -3m< x<3m.

(i) f(x)=In[x| (x#0). 4. The functionf is a polynomial of degree four

(quartic). Functiong andh are defined by
2. Forx=0, find the coordinates of the stationary

point, the point of inflexion and any crossing 9(x)=f(x)+f(-x), h(x)="f(x)-f(-x).
Show thatg is an even function anldis an odd
1+x%° function.

point on the axes of the curve gt

7.6 Associated graphs

Activity 4

You will need to use a graph-plotting facility in this activity.

Choose a function; call ¥ = f(x). Draw the graph of this
function.

What do you think the graphs of

(a) y:f(lx) ) y=f(x)|  (0)y?*=f(x)

will look like? Try and decide before you draw them.

Now try a linear function, a quadratic function, a rational
function, log functions, exponential functions, trigonometric or
hyperbolic functions; a function of your own devising.

Decide how you would answer the following questions:

what happens to the zeros of a function?
what happens to asymptotes?

what about restricted regions?

Write out your conclusions in detail.
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Example

Sketch the curve of = XE14+_XX)

X(4-X)
4+x

Hence draw the curve gf =

Solution

X(4-x) _ —x(x+4)+8x _ —x(x+4)+8(x+4)-32
4+ X x+4 X+ 4

Theny= X(44_‘__X) has a vertical asymptote= -4 and an
X

oblique y

asymptotey = -x +8.

Whenx=0,y=0 and wheny=0,x=0 or 4,

so there are crossing points at (0, 0) and (4, 0). .
T y=-x+8

The graph ofy = X(44+_XX) is shown opposite. > 0 2

X

x(4-x),

What about the graph of y> =
grap y 4+Xx

Firstly, y> =0 for real values o, so that

X(4-X)
4+ X

>0. y

From the above graph, it can be seen that
X(4-X)

isonly=0 for x<—-4 and (x x<4.

The regions of the plane represented by
-4 <x<0 andx=4 are thus restricted regions.

Also, for those values of for which real values -4 0 4 8 X

of y exist,y = i\gi;xl, and the curve is
, X

necessarily symmetric in theaxis.

Finally, the curve looks like the one shown
opposite.
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It is worth noting that vertical asymptotes remain unchanged;
horizontal asymptotes would become pairs of horizontal
asymptotes such that, for example, the asymptote

y=a fory=f(x) would give rise toy=+va for y* = f(x)
provided thata= 0. An oblique asymptote such §s 8- x

here would give rise to a curved asymptgfe= 8- x, which is
the parabola indicated on the diagram.

Another minor, but common, oversight amongst students is to

draw the closed curve portion fdd < x <4 with 'pointed’ end
points on the«-axis, as shown in the diagrams opposite.

In the next chapter you will learn how to differentiate functions

such asy? =X(44J:XX) implicitly to get (in this instance)

dy _16-8x-x*
dx  (4+x)
dy _16-8x-x?

so that
dx  2y(4+x)?

wherey =0 gives an infinite gradient.

Example

Sketch the graph of = f(x), where f(x) = (2x-1)(2x +1).
Hence draw, on separate axes, the graphs=dff (x)
1

f(x)

’

y? = f(x) andy=

Solution

The first part is easyf(x) is a quadratic with crossing points on

instead

of

the axes af}, 0), (-3, 0) and( 0-1) with the graph shown
opposite.

Now the modulus functiohx| changes only the sign fif it is
negative, and leavesunchanged ifx = 0.

The graph ofyz\ f(x)\ then simply converts any negative part
of the graph into its positive reflection.
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Thusy=|(2x-1)(2x+1)| looks like diagram 1 opposite.

Note here (for example) that at=-1, the 'turning point' is not

a smooth one?i 0 for instance), so do not be tempted to
X

round it off as shown in diagram 2.

For y? =(2x-1)(2x+1), the key points are
(i) the graph is symmetric in theaxis;
(i) no values ofx can be taken for whick? <0;
(iii) the curve crosses theaxis vertically.

The gradient of the curve of = f(x) will in general differ

from that ofy = f(x) at corresponding points of the curves, but
a sketch is not intended to display such fine detail.

For y=% compared toy = f(x), it should be obvious that

()

asy - +oiny=f(x), y- 0+iny:i;

f(x)

asy - —winy=f(x), y- 0_ iny:i;

f(x)

asy - 0,iny=f(x), y- +o iny:%; and

asy - 0_iny=f(x), y- —o inyzi_

f(x)

Thus vertical asymptotes df(x) become zeros of L and

f(x)’

zeros of f(x) give rise to vertical asymptotes of -

f(x)’

Theny= has the graph as shown on the right.

1
(2x-1)(2x +1)

Chapter 7 Properties of Curves

Diagram 1

Vs

0.5

x

Diagram 2

0.5 x
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Exercise 7E

In Questionsl-4 you are given the graph of

y=f(x). In each case draw the graph of the
associated function(s) stated.

y
1.

Draw the graph ofy® = f(x).

/

_1/2 4 X

-

Draw the graph ofy=| f(x)|.

y

x

T~ -0 3

~

Draw the graphs of
(@ y=[f(x)] (b) y*=1(x).
4. y

-5 0 5

4

Draw the graphs of

(@ y=[f(x)| (b) y*=1f(x)
©Y=10g°
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10.

11.

The diagram shows the graph p# g(x) where

g(x):x;z. Draw the graphs of
X

_x2-4 /
() y=" /
(b) y= X_Z‘ """""""" Yo
0 /2 X
2 _
© y=|X74.

Show thatf(x) = 1+X > is an odd function.
X

Determine the coordinates of the turning points
on the graph ofy= f(x). Sketch the curves of
y=f(x) andy® = f(x

For -2m< x<2m, sketch the graph oy = cosx.
Hence draw the graph of=secx.

Sketch the graphs of the curves with equations

(a) y=x*(1-x) (b) y* =x*(1-X)

(¢) y=[x*(1-x)|.

Find the coordinates of the turning points of the
curve (b).

Sketch the graph of the curve with equation
y=f(x), where f(x)=x*-x. Hence draw the
graphs of

1

(a)y=m (b) y=|f(x)|.

Sketch the graph of=(x+1)(3x+1). Sketch

also the graph of® =(x+1)(3x+1) and state the
equations of its asymptotes.

X+2 . .
is given.
X+5

/ y
/ 0

(a) the equations of the asymptotes of this curve;

The graph of the functiogp=

x

Determine

(b) the coordinates of the crossing points with
the axes.

X+2

Sketch the curve of? = )
X+5



12. Sketch the graph of the curve with equation

y= x(x—4)2. Determine the coordinates of that
turning point of the curve which does not lie on
the x-axis. Sketch the graph of = x(x-4)> and

deduce the range of values of the real number
such thatx(x-4)> =k? has exactly one real root.

1.7 Parametric forms

In many cases, the variablesndy are both dependent upon a
third variable or parameter. If you have done any Mechanics,
you will know that this extra variable is very often time. In

other instances the parameter may be some af¢say). In
this way, a function may not appear in the foym f(x); but

rather each of the— andy— components are given as functions
of the parameter;

e.g. x=1(t). y=9(t)

Note: t does not have to indicate time.

Elimination

If you are asked to draw the curve of a function given
parametrically (in terms df say) the most natural thing to do is
to get back to an equation involving ondg andy's; its

cartesian equation. This process, not unsurprisingly, is called
elimination.

Example

A curve is defined parametrically by the equations
x:tz,y:% (t#0).

Sketch the curve.

Solution

Now y=%D t=§/D x=§%§ory2 =%.

The graph ofy=% (shown opposite ) is well known.

Chapter 7 Properties of Curves
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and the graph o§? :% can then be deduced as shown.

However, there are difficulties that could arise, as you will see in
the example below. You should be aware of these problems.

Example

A curve is defined parametrically by the equatiors2t?, y =t*,

wheret is a parameter. Determine the cartesian equation of this
curve. Sketch the curve.

Solution
x=2t20 x* =4t* 0 x® =4y,

e

so that the cartesian equation is y
)’:Xf2
R
This is a parabola, with graph shown opposite. =
But wait! t=00 x =0 andy =0. y
Otherwise x > 0 andy > 0 so the graph should be only the
right-hand 'half' of the one drawn above.
0

The elimination process is not always as straightforward as this.

Example
The parametric representation of a cu@res

x=3cosh+cosP, y=3sinf-sin3.
Determine the cartesian equation®f

Solution

The identitiescos 3 = 4cos 6 —3cosd and
sin39=3sin@-4sin’ O are easily established. Thus

x=4cos0 and y=4sirré

D[T;IH—‘
U e

or cosf and sin@ = Ly
g

X
[y
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To eliminate@, use the well known identitgos* 0 +sin6 =1 to
get

0%
g

I:”I_UI\N
DI';I\N
ﬂ\

g

Exercise 7F

Eliminate the parameter in each of the following sets
of parametric equations in order to find the cartesian
equation of the curve they represent.

1. x=22, y=3t (t20) 7. x=22, y=t(1-t))
5 = Lt y= t? 8. x=asinfcos O, y=asin?Hcosh
1+t3 1+t3
[Hint: Y andxy]
[Hint: ¥ ] X
_ 9 _aEtL+t2EI _ 2bt
x=coshd, y=sinh@ - X= El?tzH y_l—tz

4. x=cog, y=tant 1
3 , [Hint: t=tan=0]
5. x=t*-3t+2, y=3(t*-1) 2

[Hint: x=t(t?-3)+2 andt®*=..] 10.x=2cos5+3cosD,

y=2sinf+3sin26

2 t . . .
X=———, y=3e Hint: simultaneous equations
costt” Y [ q ]

A perfectly natural question to ask

If it is possible to eliminate the parameter and derive the
cartesian equation of a curve, why have curves defined
parametrically in the first place? To put it another way,

what extra information can you deduce from the parametric
form of an equation that cannot be found in the cartesian
equation?

Note:it is not always possible to eliminate the parameter. Even
when it is, as you will have seen in Exercise 7F, the cartesian
equation may be of a form that does not easily lend itself to
analysis.

It is easy, conceptually, to think of the parametas
representing time: then, for any valuetothe parametric
equations give the coordinates ¥) of a point which is in
motion ast varies. The parametric equations then indi¢ete
that point is moving along the curve in question.

Consider the parametric equations

x=cog, y=sint forO<t<2rm
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Using the identity cogt +sir?t =1, the curve is seen to be

which is a circle, centre the origin and radius 1.
Next, consider the equations

x=sint, y=cog for0<t<2r.
Again, sirft +cogt =1 gives the circle +y? =1.
What is the difference?

As tincreases fron® to 211, choose some easy valuest od
work with.

x=cog, y=sint | (1,0) (0,1) (-1,0) (0,-1)

x=sint, y=cos | (0,1) (1,0) (0,-1) (-1,0) y

Start
/

point (x, y) moves around the circle in an anticlockwise -
direction, starting from the point (1, 0).

1
In the first case you will see that ascreases frond to 2m, the /
1

~

Start

L

this time in a clockwise direction, starting from (0, 1). -

In the second case, however, the same circle is traversed, but /
1

“

Although it is helpful for you to be aware of this aspect of
parametrisation, it is most unlikely that you will be required to
employ such notions in a Pure Mathematics examination.
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dy

1.8 dy and
dx dx?

parametric form

from the

When a curve is given in the explicit foryn= f(x), it is easy to

2
find % and% by direct differentiation. At your disposal you

have the product rule, the quotient rule andGhain Rule for
complicated functiond, Do not worry if you have not heard the
term 'Chain Rule' before, it is simply a statement of the rule for
differentiating composite functions, and it is summed up by

dy_dy dt  dy dx
dx dt  dx dt dt

Although dx, dy, dt, du, dv, dz ... do not actually make sense
by themselves, they do behave in the same way algebraically as
genuinely finite variables, and can be thought of as cancelling: so

dy_dy dt

. because thdt's 'cancel'.
dx dt dx

[Note that higher derivativedo not cancel in this way:
dy dy d%

d~ de  dxX

Indeed one reson for writing the '2" in different places in the
numerator and denominator of the higher-order derivatives is to
avoid the temptation to cancel in this way.]

Given a curve in parametric form
x=f(t), y=9(t),

the Chain Rule gives

which, in general, will be a function ofandnot of x. This is

P o C VA
crucial in fmdmgW in any form.

Chapter 7 Properties of Curves
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Example
Given the curve with parametric representation

x=4coSt, y=4sirt

2
find 9 in terms oft and show thatd—é/ = L cosedsedt.
dx dx® 12

Solution

% =4.3co8t.(-sint) = -12sint cogt

and %’ = 4.3sirft.cost =12sirft cost.

Then

dy_dy dx_ 12sirftcost

=——————"=—tant
dx dt dt -12sintcost

Now, as% is a function of, it is no good trying to

differentiate it as if it were a function a&f since

d’y _ d OdyO
dx  dx
assigned a label, samy.

E The next part is easier to understangf}ff is

d?y _dm_ dm dt . dm /dx

Then
d¥  dx dt dx dt/ dt

by the Chain Rule.

. 0 dyd. . dm :
SincemF —2is a function ot, — presents no problem (in
E: de dt P P (
principle, that is) an% has already been found.

To continue:

d y d Udyd_ d UdyU dt
d®  dxHdxH™ dtHaxHax
d ( 1
-12sintcogt
o1
-12sint cogt

—tant) .

= —seét.

=1 cosetsedét
12
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Example
The curveC has parametric form

x=t*-3t+2, y=3t*-1).

dy d?y ,
Find dx andW as functions of. Hence show that has a

turning point at the point (2, —3) and determine its nature.

[Look back at your answer to Exercise 7F, Question 5, for the
equivalent cartesian form &@. After working through Chapter 8
you should be able to differentiate this equation implicitly, but for
now the parametric approach is a big advantage in this respect.]

Solution
Firstly, the point (2, —3) occurs wher 0.

dX_ 32 _3ang9Y =6t
dt dt

so that

dx 3t2-3 t2-1

dy_ 6t 2t

When t =0, % =0 so the curveC has a stationary value

at (2, -3).
Next,
dy _dOdyd dt_He-1.2-2t2a8 1 _ -2(1+1)
a2 atbaxd ax g (-1 g Fe-1]) se-1f
_a Dy _2 : - .
and whent =0, PP —§>0 and (2, —3) is a minimum point.

7.9 Conic sections

There is a family or curves which are known collectivelxasic
sections

[The interested reader might like to find out why.]

These are the circle, the ellipse, the parabola and the hyperbola.
Although a general treatment of these, and the coordinate geometry
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associated with them, is not required here, they are worth looking

at in some detail as their parametric forms are easy to work with
and widely used.

The circle

The circle, centre the origin and radiukas cartesian equation )r/
32+ =12 P& Y
and parametric representation — 0 -
X=rcosf, y=rsinf \ /
-~ rd

The circle, centreq, b) and radiug has cartesian equation
(x—a)*+(y-b)’ =r
and parametric representation

Xx=a+rcosf, y=b+rsinf

The ellipse

An ellipse can be considered as a circle, stretched parallel to its
two axes by different scale factors, sayabparallel to thex-axis,
and byb parallel to they-axis.

y
. L b-
The cartesian equation is then / \
T —_/al —

2 —a 0
X2+§:1 \

a
X2 Y .
(compare with =+ =1 for the circle whem=b=r), and the
r< r
parametric representation is

X =acosf, y=hsiné.

The parabhola

The parabola for which theaxis is the central axis has cartesian
equation y

y? =4ax(a>0) /
N

x

and parametric form 0

x=at?, y=2at
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The hyperbola

The hyperbola has cartesian equation y
2
a- b ol
and parametric representation
X =acosh@, y=bsinh6.
X2 _ Y
Note that, for largex| and|y], ?:E so the hyperbola has a
pair of oblique asymptotes
b
=E=X
y a
The rectangular hyperbola
When the two asymptotes of the hyperbola ar
e perpendicular to each other, the curve is called a rectangular y

hyperbola. An example which you have encountered before is
the curve of &

y==- (c#0) %

0 X
which has the parametric form

X =ct, y:% fort#0.

= |

A rotation of the axis about the origin will transform this graph
into a standard hyperbola.

Exercise 7G

1. Sketch the curve defined parametrically by 3. Given
x=t?-2, y=t. x=0+sinf, y=1-cosf (0<6<2n)
2. In each of the following cases, determine show that
dy 1
2 ~2=tan= 6.
Y and d—}zl as functions of. dx 2
dx dx

Sketch the curve represented by these parametric

Simplify your answers as much as possible. . :
equations and state the line of symmetry.

(a) x=2t%, y=3t (t=0) 4. By completing the square, determine the
t t coordinates of the centre, and the radius, of each
(b) = Y e (t#-1) of the circles with equations
(c) x=\1+t?, y=sinht (a) X2 +y?+4x-6y =12
(d) x=acoshd, y=bsinh@ (b) X*+y?+2x-6y-26=0
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5. Show that the parametric equations

xz—y2:4.x:t+%, y:t—%

are a representation of the hyperbola with
cartesian equation

x2-y?=4,

(t#0)

7.10 Applications

In Chapter 8 oPure Mathematicsyou worked with the
following results relating to a curve with equatipe f(x).

The derived function, or derivativecLy = f'(x), gives the

dx

gradient of the curve at any point, and also the gradient of
the tangent to the curve at each point.

The normal to a curve at any point is the line through that
point which is perpendicular to the curve ( and hence also
perpendicular to its tangent).

You will do some further work in these areas.

Another application of the work on parameters (in particular) is
in finding the locus of points (i.e. the curves traced out by these
points) under certain controlling conditions.

The final area of application is in noting the existence, or

number, of roots to a given equatidfix) =0, say. If this
equation is rewritten as

g(x) = h(x) for two functionsg andh,

and the graphs of = g(x) andy = h(x) are drawn, then the

points of intersection represent the rootsf¢x) =0. This
method will only be used in simple cases.

Example
Show that the parametric form

x=5cosd, y=4sinf
is a representation of the ellipse with equation
16x? + 25y? = 400.

Sketch the ellipse and mark on it the coordinates of the points
where the ellipse crosses the coordinate axes.
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The pointPSB, %SB lies on the ellipse. Find the equation of
both the tangent and the normal to the ellipse at P.

This tangent meets theaxis at A and thg-axis at B, while the
normal meets thg-axis at C and thg-axis at D. Determine the
coordinates of A, B, C and D.

Solution
16x2 + 25y =16 2508 0) + 25 16sirt 6) = 400( cod 6 + sir? 6) = 400

sincecog 8+sif@=1. Thusx=5cosd, y=4sinf Normal
parametrises the ellipse. Z_ b
3 ) 4 . 4 Tangent
Whencos@zg, smﬁ’:g (i.e. tarﬂzg, 6=53.13)
-5 0 5 X
_ o . . 160
x=5cos, y=4sin@ gives the pomt% 3,5 0 \_4_‘/
Now %=—55in9 and ﬂ=4cost9,
dé dé
o Q:_40959
dx 5sin8
- _4%
5.%
__3 .
=75 at the point P.

The gradient of the tangent at P—iéz— and the gradient of the

normal is% (since their product isl).

The equation of the tangent is then

16 _ 3
-16_ _Siy-3
Y- 5( )

or By+3x =25
and the equation of the normal is

~16-5(,

3
5 3 )

or 15y = 25x - 27
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This tangent cuts the coordinate axeﬁ%, Og andg§ 0, 5

while the normal cuts the coordinate axes at

@7 0 _9r
Chpe Ohand [%o, o0

Example

A rod of lengtha is initially at rest standing vertically on tlye
axis, with its lower end at the origin. The rod is then moved so
that its top end remains on theaxis, with the lower end moving
along the positive-axis, until it comes to rest horizontally (see
diagrams below).

y y y
a- a- a-
0 T x 0 a x 0 a X

The midpoint of the rod is M. What path does M trace out
(i.e. what is the locus of M) during this motion?

Solution

At any point of the motion, let the coordinates of the end on the
x-axis be p, 0) and those of the end on th@xis be (0Q),

where0< p,g<a.

Then M has coordinates

DE gl:l iex:E =
tp’ 200 7 2’y

N |2

By Pythagoras' theorem
pz + q2 =2

O (2 +(2y) =2

O x2+y2:ggg2

which is the equation of a circle, centre the origin and ragius

M traces out a quarter of this circle as this motion takes place.
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Example

The pointP%:t, %g lies on the rectangular hypoboky = 2.

Show that the normal to the curve at P has equation
tx -ty =c(t*-1).

The tangent at P cuts tleaxis at X, and the normal at P cuts
they-axis at Y. Show that the locus of M, the midpoint of XY,
has cartesian equation

y= ct-x*
2¢%x

Sketch the graph of this locus, stating clearly the coordinates of
the points where it crosses thaxis.

Solution
The parametric equations of the hyperbola are

C
X=ct, y==
y t

Thus

%=c and$/=—E O dy__1
dt dt  t? dx

So the tangent has gradieﬂ%, and the normal has gradietit

The equation of the normal is

ct* —c=t3x -ty

O ct* —c=t3x -ty
O ct' —c=t’x-ty ie. tx-ty=c(t*-1)
_ , O oftt-1)0
This normal cuts thg-axis whenx=00 Y =0, - " O
0 0

The equation of the tangent is

c__1._
y e t2(x ct)

Chapter 7 Properties of Curves
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Chapter 7 Properties of Curves
0  tPy-ct=—(x-ct)
0 t?y +x = 2ct
which cuts thex-axis wheny=0 O X =(2ct, 0)

The midpoint of XY is M, with coordinates
0+—%(t4—1)g

, > %

= bt —%(t“—l)g.

This is a parametric form for M with equations

x:ct,y:—g(t“—l)

O
[2ct+0
:

_X _ c [
t=5 By 2DxD % 1@
cO
¢ x-c
= “mb e b
. ¢t-x .
e. y= 23 as required.

4 _ 4
For y=C2T)):, the linex = 0 (they-axis) is a vertical

asymptote, since,

X->0,y- 40 andasx - 0_, y » —o0
Also, asx - +c0, ¥y - —c0 and asx —» —o, y - +c0
Wheny =0,

ct-x*=0 O (cz—xz)(c2+x2)=0

O (c=x)(c+x)(c?+x?)=0

0 x=cor -c [x? £ —c?]
The graph then looks like the one opposite.
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Exercise 7H

A curve has equatiory=(5-3x)”. Find the 7.
equation of the tangent to the curve at the point

10
40

A curve has equatioyzi+ 3)2(_1.

2-x x°+1
Determine the equation of the normal to the
curve at the point (1, 3).

The points P and Q lie on the curve with

equationy = v At P, x=1, and at Q, 8.
x=1+h.
Prove that the chord PQ has gradient

-(2+h)

o2+ 2h+ 12 and hence determine the equation

of the tangent at P.

3tanx

1+sinx

The tangent to the curwe= at the point g

on the curve whera:g cuts thex-axis at the
point T.
Prove that the distano@Tz%(Zv’T%— rr), where

O is the origin.
Prove that the tangent at P(4, 4) to the curve

2
y=XI has equatiorex-y-4=0.

This tangent meets the likx+3y-12=0 at the
point Q. Calculate the coordinates of Q.

2
The normal at P t(yzxz meets4x+3y—-12=0

at the point R. Calculate the coordinates of R.
A curve has parametric equations

x=e%cos8, y=e’siné.
Prove that the gradient at the point P with
: J{nl
parameterd is tange+ZD and deduce that the

tangent at P makes a fixed angle with OP, where
O is the origin.

10.

Chapter 7 Properties of Curves

The curve with equatioy? =4x has parametric
representatiork =t?, y=2t. Prove that the

normal at(tz, 2t) to the curve has equation
y+tx =2t +t3,

The normals aADl, -1 and K 4, 4 to the
g 0

curve meet at the point N. Determine the

coordinates of N.

Find the equation of the tangent to the ellipse
2
i(—6+y2 =1 at the point(4cog, sint). This

tangent cuts the coordinate axes at Q and R, and
the midpoint of QR is M. Show that the locus of
M has cartesian equation

A parabola has parametric coordinates

x=3p%, y=6p.
Determine the cartesian equation of this curve.
Show that the equation of the normal to this
parabola at the poiri?(sz, 6p) is

y+px=6p+3p’.
Find the point of intersection R of the normal at
P and the normal aQ(SqZ, Gq). Given that the
straight line through P and Q passes through the

point (-6, 0) show thapg=2 and deduce that R
lies on the parabola.

Sketch the curve defined parametrically by
X=2+12  y=4t.
Write down the equation of the straight line with

gradientm passing through the point (1, 0).
Show that this line meets the curve when

mt2-4t+m=0. Find the values ofn for which
this quadratic equation has equal roots. Hence
determine the equations of the tangents to the
curve which pass through the point (1, 0).
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7.11 Miscellaneous Exercises

2
1. Eliminate the parameter from each of the 6. The curve C has equatinM.

following pairs of equations
(a) x=2+t?, y=t3-1

(b) x=acos’ 0, y=asin®0

c) x=3e', y=
© y sinht

Find the values oR and a such that
5coshx - 4sinhx = Rcosh{x - a)

Hence sketch the curve with equation
y=5coshx—4sinhx.

Sketch the graphs of= f(x) andy = g(x)

on the same diagram, where

X+1
(a) By considering the set of valuesyfor real
X, show that no part of C exists in the
interval -16<y<0.

(b) Show that the lineg=x-7 is an asymptote
to C and state the equation of the other
asymptote.

Sketch C, showing the coordinates of the points

at which C meets the coordinate axes and the
way in which C approaches the asymptotes.

A curve is defined fo&§< 9<7gT by the

parametric equations

x=sin40+2sin20, y=cos40-2cosd .

. OdyUd

f(x)= x+1 x#1) and g(x)=|x+2|. Prove thatﬂ:—tane. F|ndi Y5 and show
(x)=|  —7 (x#1) andg(x) =|x+2 ix 46 FaxB

Find thex-coordinates of the four points of dy 1

intersection of the two graphs. thatT:‘g whené =0.

4. The points A and B lie on the curve with

1 ~, havingx-coordinatesx=1

(x+1)
and x=1+h respectively. Show that the gradient
of the line AB is

_ (h+4)

4(2+hy

equationy =

y = 3 coshx —x sinhx

(@] X

and deduce the gradient of the tangent to the
curve at A.

The diagram shows a sketch of the curve with

equationy =3coshx — xsinhx, which cuts the
y-axis at the point A.

5. The diagram shows a sketch of the curve defined
for x>0 by the equation
=x2 y
y=xlnx Prove that, at Ay takes a minimum value and
state this value.

Given that%:o at B, show that the

x-coordinate of B is the positive root of the
equation

xcoshx —2sinhx =0.

B . 2x2+2X-3 _
The curve crosses theaxis at A and has a local 9. (a) Given tha -4 k. show that
minimum at B. (2-K)2+2x+(4k-3) =0.
Hence determine the values takenkwhen
X is real.

(a) State the coordinates of A and calculate the
gradient of the curve at A.

(b) Determine the coordinates of B and calculate
2

the value ofd—)zl at B.
dx
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10.

11.

12.

13.

2 -
b) A curve has equatio :M. 14.
( q y 2 4
X2 —
(i) State the equations of its three

asymptotes.

(i) Find the coordinates of the turning
points. (There is no need to establish
whether they are maximum or minimum
points.)

(iii) Sketch the curve.

A curve is given by the equations
x=a(cos2+2cog), y=a(2sint-sin2t), wheret
is a parameter anais a positive constant.
Prove that dy_ —tanlt .
dx 2

Find the values of the constaitsB, C for

2
2X +3x+1EAX+B+ C .
x-1 x-1

which

Deduce the equations of the asymptotes of the

2X2+3x+1

curve with equatiory =
x-1

Find the coordinates of the turning points of this
curve.

Sketch the curve.
The diagram shows a sketch of the curve with

equationy:?’cﬂ for Osx<
2-sinx
17.
y
A
(@] n X
2

(a) Find the values of, in the interval0< x<,
for which %=0, giving your answers in
radians.

(b) Determine the range of values takenyby

(c) Determine the equation of the normal to the

oA gm0

curve at the pomAEE, OD'
Write down the equations of the asymptotes of
the curvey= 3X_21. Sketch this curve. Hence

X+
draw the graphs of the curves
(@) 3x-1
(b) =" "0

X+2

3x—1‘_
x+2|

15.

16.

18.

Chapter 7 Properties of Curves

X+ x-2 (
X+1
(a) Determine the equations of the asymptotes of
C, and the coordinates of the points where C
crosses the coordinate axes.

The curve C has equatiore X#-1).

(b) Show that? is positive at all points of C.
X

(c) Sketch the graph of C.
2
The curve C has equatinM.
x+1
(a) Obtain the equations of the asymptotes of C.

(b) Show that C has two stationary points and
find their coordinates.

(c) Draw a sketch of C.
(d) On the same diagram draw a sketch of the

curve ofyz—i2 and deduce that the equation
X

X(x—=1f +x+1=0
has no real roots. (Cambridge)
A curve is described parametrically by the

1+t 1+t8
equationx == o

Find the equation of the normal to the curve at
the point where = 2.

Given that is a non-zero parameter, show that
. 100_1™
the poth%§+ID

== always lies on the
WY
hyperbolax? -4y’ =16.

Show that the tangent at P to the hyperbola has
equation

x(t2+1)—2y(t2+1):8t.
Write down the equations of the two asymptotes
of the hyperbola. The tangent to the hyperbola at
P meets the two asymptotes at L and M. Find the
coordinates of L and M in terms of
A curve is defined parametrically by

_2t P
X=——, y=——.
1+t 1+t
Prove that the normal to the curve at the point

Bl’ %B has equatiorby+4x=7. Determine the

coordinates of the other point of intersection of
this normal with the curve.

Find the cartesian equation of the curve.
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19.

20.

21.

2 _
The curveC, has equation 22. A curve has equatioy:; é
X —
_Xx+a (a) Prove that, for all real vaues »fthe value

X—a
. . of y cannot lie betweepzrand 2.
wherea is a positive constant. 9

d (b) Find the coordinates of the turning points of
(a) Show thatd—y<0 at all points ofC, . the curve.
X

(c) Show that one asymptote to the curve has

(b) Draw a sketch of,. equation9y =3x+5 and state the equation of

The curveC, has equation the other asymptote.
_|:|x+aﬁ (d) Sketch the curve, showing its asymptotes.
y Ox-ag0" 23. The curve C has equation
(c) Show by differentiation tha€, has exactly y:5+%,
one stationary point and find the coordinates X X
of this point. wherea andb are constantsa>0 andb#O0.
) (a) Show that C has exactly one stationary point
(d) On a separate diagram draw a sketctCof and find its coordinates in terms afandb.
(e) Show by means of a graphical argument that (b) On separate diagrams, draw a sketch of C for
there are values afi, which need not be b>0 and a sketch of C fob<0, and in each
specified, such that the equation case mark the coordinates of any

m(x—a)s—(x+a)2=0 intersections with the coordinate axes.
has three distinct real roots. (Cambridge)  (¢) Use your diagrams to show that there are

positive values ofm for which the equation
A curve is given in terms of the parametdy my—ax—b=0

the equations

has three real roots. (Cambridge)
— — acind RN
x=acos't, y=asin’t go<t< 0 24. (a) y
wherea is a positive constant. Find and simplify P
an expression foﬁ—z in terms oft. /\
(0] X
The normal to the curve at the point WhE!Feg
cuts they-axis at the point N. Find the distance Q
ON in terms ofa, where O is the origin. A sketch of the curve
Letf be the function with domain _ax+bx+c
: . 2x-3 T2
xis real,x# -3, xz1} given by f(x)= =", X +hx+k
{ } g v =5 o o3

wherea, b, ¢, handk are constants, is shown
(a) Find the values of for which the equation above. The maximum point P is at (1, 1) and
the minimum point Q is at (-1, =1). The
22)(7_3_ curve passes through the origin, and the
X" +2x-3 x-axis is an asymptote to the curve. Explain
has no real roots. Hence state the rangk of why a=0, and find the values df, ¢, h

(b) Find the coordinates of the stationary points andk.
of the graph of.

(c) State the equations of the asymptotes of the
graph off. Sketch the graph df showing
clearly the stationary points and where the
graph crosses the axes.
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25.

26.

(b)

A sketch of the curvq:@, whereA,
X

B andC are constants, is shown above. The
lines x=-1andy=x+4, also shown in the

diagram, are asymptotes to the curve. Find
the values ofA, B andC.

The parametric equations of a curve
x=t—tanht, y=sech show that iftZ0 then

dy_ —cosech.
dx

The point T has parametér Find the equation
of the tangent to the curve at T. The tangent
crosses the-axis at U. Show that UT has
constant length.

A curve is given by the parametric equations

X =sed +tant, y=coset¢+cott for 0<t<g.
Prove thatﬂ=—m.
dx  1l-cog
Show that the normal to the curve at the point S,
1130
e
Find an equation of the normal to the curve at
1[40
030
meet at the point N. Find the coordinates of N.

wheret =tan has equatiork—2y+4=0.

the point T, wherd =tan These normals

(Cambridge) 28.

29.

Chapter 7 Properties of Curves

27. The parabola? = 4ax has parametric form

X = at?, y=2at for a constanga and real
parametet. Show that the normal to the

parabola at the poirﬁ’(apz, 2ap) has equation
y+px=2ap+ap. This normal meets the

parabola again at the poiQ(aqz, 2aq).
o 20
Show thatq=-p+=0.
R e

The tangent to the parabola at P meets the
tangent to the parabola at Q at the point R.
Determine the coordinates of R in termsaoénd
p, and find the cartesian equation of the locus
of R.

Show thatx=acosf, y=bsinf is a parametric
representation of the ellipse with equation

§+§:1.
Prove that the equation of the tangent to the
ellipse atP(acosd, bsing) has equation
aysinf+bxcosf=ab.
This tangent meets theaxis at A and the-axis

at B. M is the midpoint of AB. Find the
coordinates of M and a cartesian equation of the

locus of M as@ varies.
Find the equation of the chord joining the two

. 0 cd 0 cd
oints Prcp, —gand , —on the rectangular
P P pHand e B 9

hyperbolaxy=c. By considering a suitable
limit, deduce that the tangent to the curve at the
point P has equation

pPy+x=2cp.
This tangent cuts thg-axis at R and M is the
midpoint of PR. Determine a cartesian equation
of the locus of M ap varies.
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