Chapter 6 Sequences and Series

6 SEQUENCES
AND SERIES

Objectives

After studying this chapter you should
e be able to work with both finite and infinite series;

* understand, and be able to apply, the method of proof by
mathematical induction;

* be able to use the method of differences to sum finite series,
and extend its use to infinite series;

e know how to obtain Maclaurin series for well known
functions, including the general binomial expansion;

e appreciate that some of the standard series are valid for all
real values ok, while others are only valid for specified
ranges of values of;

e be able to determine general terms in these standard cases.

6.0 Introduction and revision

In Pure MathematicsChapter 13, you were introduced to the
notion of a sequence, and its related series. You will also have

encountered the use of tfyenotation as a shorthand for writing
out series with a large number of terms (possibly infinitely
many). The first section of this chapter will remind you of the
essential points that you will need in order to develop further
the work in this area.

Definition

A sequencds simply an ordered listy, u,, Us, ..., U,, Of
numbers (or terms). This is often abbreviatediug . For our

purposes each term, is usually given in one of two ways:

(i) as a function of the preceding term(s), or
(if) as a function of its position in the sequence.
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Chapter 6 Sequences and Series

Example
The sequencgu,} defined by

u =1 andu, = (U Uy...u, ;) +1for n=2
is 1,2,3,7,43, 1807, ...,

where each term (after the first) is one greater than the product
of all the previous terms of the sequence.

You will appreciate however that, in such cases, should you
wish to know (say)yqy, the hundredth term of this sequence,
then you would first need to know each of the preceding 99
terms. It is preferable, then, to have sequences given in the
second way, with each term defined as a function, afs
position in the sequence.

Example
One of the most famous sequences of all is the Fibonacci
sequencd F,} which is defined by
FF=1 F=1and F,=F,_; +F,_, for n=3.
This sequence begins
1,1,2,3,5,8, 13, 21, ...

The general solution of sequences defined in this way is not
within the scope of this course, but (for the interested reader)
each term of the Fibonacci sequence is actually given by

_ 1 Bjl+\5d
Fn—f

-.50
H

n
“Ho

H
0
H

Activity 1

Check that the formula above for the Fibonacci sequence does,
in fact, give the first three terms.

The activity above shows that an analytic approach is not
always the most useful. It is much easier to find, $gyfrom
adding the terms rather than by using the formula.
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6.1 Arithmetic and geometric
sequences and series

The sequence defined by

w =a andu, =u,_,; +d forn=2
begins

a, a+d, a+2d,...

and you should recognise this as #rghmetic sequencewith
first terma and common difference:

Thenth term (i.e. the solution) is given ly, =a+(n-1)d.
The arithmetic series with terms,
a+(a+d)+(a+2d)+...+[a+(n-1)d],

has sum

S, :g[2a+(n—l)d]

or

S =g(first + las)
and these results should be well known to you.

Example

An arithmetic series has the property that the sum of the first ten
terms is half the sum of theext ten terms. Also its 100th term
is 95. Find the first term and common difference.

Solution

Let the first term be and the common difference be Then
the sums of the first ten terms and the next ten terms are

10 10
?(a+(a+9d)) andE((a+1Od)+(a+19d))

Since the former is half the latter we deduce that
2a+9d =%(2a+ 29d)

or 2a=11d D

Chapter 6 Sequences and Series
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Chapter 6 Sequences and Series

Also, as the 100th term is 95, we know that
a+99d =95 (2)

From (1) 99d =18a and so in (2)
a+18a=19a=95

Hence a=>5 andd :E.
11

Another important sequence defined by
W =a andu, =ru,_, forn=2,
begins
a, ar, ar?,...

This is thegeometric sequencavith first terma and common
ratior.

Thenth term is given by, =ar"™.

The geometric series witihterms,

a+ar+ar®+.. +ar"?
has sum
al1-r" alr"-1
= ( )or ( ) forrzl
1-r r-1

Note that aseriesis the sum of a number of terms of a

sequence The terms 'arithmetic progression' (A.P.) and
‘geometric progression' (G.P.) are not preferred here as the word
‘progression' is used loosely in respect of both a sequence and a
series. However, you should recognise the use of these terms
and their abbreviations, since they are in common usage.

6.2 The sigma notation

When writing series, the shortharychotation is used to
represent the sum of a number of terms having a common form.

The seriesf (1) + f(2) +... + f(n—1) + f(n) would be written

if(r).

r=1
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What other way could the series be written using > notation?

The functionf is the common form that each term of the series
takes;r is called thesummation index being the variable

guantity from term to term. The =1' below the sigma
indicates the first value taken Ibyand thert" above the sigma
denotes the final term taken by

Note that, while it is customary to take=1 for the first term, it

is by no means essential. The above series would equally well
be written as

nZ_lf(r+l)

In fact, later on in the chapter you will encounter series which,
for convenience, will start with =0.

Also, the choice of the letter' is unimportant:
n n n
f(r), Z f(k) and 'y f(i)

all represent the seriel(1) + f(2) +... + f(n).

You should know the following results relating to the
> notation:
n

Z{ f(r)+o(r)} ={ (@) +9@)} +{f(2)+a(2)} +... +{ f(n) + g(n)}

(1) =

(2) iaf(r): af(1) +af(2) +... +af(n) wherea is some
r=1

constant

n n
Note that Z nf(r)= nz f(r) also, sincen is a fixed quantity,
r=1 r=1

not a variable, in the summation.

Chapter 6 Sequences and Series
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@ @ Y-

M-
—
N
>

(b) =g (n+1)(2n+1)

(c) i —(n+1)* or g@g

n
(d) 21:(1+1+...+1) =n
= ~ ntimes -
Since a '1' is wanted for eachm£1, 2,...,n
This result is easily overlooked, and often incorrectly written as

n
21:1

r=1
Example

n
Show that Z (6r2 +4r —1) =n(n+2)(2n+1).

Solution
n 5 _ n 5 n n
r:l(6r +4r —1)— rZlGr +Z4r—rz:ll by result (1)
n ) n n
:GZIr +4er—rz:11 by result (2)

= 6.g(n+1)(2n+1)+4.g(n+1)—n by result (3)

=n(n+1)(2n+1)+2n(n+1)-n
=n(2n?+3n+1+2n+2-1)
n(2n2 +5n+2)

(

=n(n+2)(2n+1)
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Chapter 6 Sequences and Series

Exercise 6A

1. A geometric series has first term 4 and second By considering the result above, show that the
term 7. Giving your answer to three significant sequence is arithmetic and state the first term and
figures, find the sum of the first twenty terms of the common difference.
the series. (AEB) Determine the least number of terms required for

2. The first term of an arithmetic series is —13 and  the sum of this arithmetic series to exceed
the last term is 99. The sum of the series is 10000. (AEB)

1419. Find the number of terms and the common n
difference. Find also the sum of all the positive g, Show thatZr(r +1)=E(n+1)(n+2).
3
=1

terms of the series. (AEB)
3. An arithmetic series has first term 7 and second n n n
term 11. 9. Use the formulae foir , Zrz and er to
(a) Find the 17th term. = = r=t
(b) Show that the sum of the first 35 terms is show thati(4r3—3r2 +r)=An3(n+1) for some
equal to the sum of the next 15 terms. (AEB) < '
4. The first three terms of a geometric series are constantA to be found.
2x,x—8 and2x+5 respectively. Find the 10. Express thé&th term of the series
possible values o (AEB) S=1.3.4+2.5.7+3.7.10+ 4.9.13+ ...
5. An arithmetic series has first terim2 and as a function ok. Hence show that the sum of
common differencdn4. Show that the sung, the firstn terms ofSis
of the firstn terms isn?In2. ﬂ(n+1)(9n2 +19n+8)
Find the least value af for which S, is greater .
. . S isd 11. Find the formula for the sum ofterms of the
than fifty times thenth term. (AEB) ) 5 s B
_ _ _ seriesd? + 72 +102 +13% + ...
6. A geometric series has first term 4 and common
ratio r, Where0<r <1. Given that the firstl 12. Thel’th term Of a f|n|te Series iBr, and the sum
second and fourth terms of this geometric series n
form three successive terms of an arithmetic of n terms is denoted bg,, so thatS, = zur .
series, show that®-2r+1=0. Find the value r=1
of r. (AEB) If S =3n? +5n, expressy, as a function of and

7. Given that§(n)=n*+4n, write down an find 2n
in u .
expression for(n-1) and simplify S(n)-S(n-1). ; '

6.3 Proof by induction

An inventor builds a climbing 'robot' which is designed to be
able to climb any ladder which has equally spaced rungs, no
matter how long it may be. (Being solar-powered, it can

continue indefinitely if necessary.) The inventor tests it on a
variety of ladders: on some of them, the robot succeeds; on | Rungn
others it does not. 3

Given any ladder, what conditions need to be satisfied for the -

robot to be able to climb the ladder? — Ru[j]g 3
You will see that there are, in fact, just two: | Rune2
—— Rung1l

(a) In the first instance, the robot needs to be able to get on the
ladder (presumably at the first rung); and
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(b) if the robot is on any given rung (say rukg as rungs are
equally spaced, it does not matter where rkingon the
ladder), then it has to be able to get on to the next rung after

this (rungk +1).

If the robot's programming and construction enable it to satisfy
both these conditions, then it can climb as far up the ladder (ad
infinitum if necessary) as its inventor could wish for; since by
condition (a) the robot can get on the ladder (at rung 1). Then, by
condition (b) it can get on to rung 2. By (b) again, it can get to
rung 3, hence to rung 4, hence to rung 5, etc., etc. Thus the robot
can reach rung for any positive integen.

No, the authors have not gone senile! The above is actually an
illustration of a very powerful technique callpdbof by

induction. The method is a cunning means of proving the truth of
some statement, or formula, that is found by experimental means
(for instance) but which, without a general proof, is dmpwn to

be true for certain values of the variable concerned.

For instance, the result

n(n+1)
2

ir:1+2+...+n:

r=1

arises from the sum toterms of an arithmetic series, and has
already been proved.

n
What about the result Z r?= g(n +1)(2n+1)?
=1

Where did that come from?

n

One way, is to first note that the formula f§r is a quadraticin
r=1

n
n, and so assume that the formula Err2 is a cubic im, say
r=1

an®+bn? +cn+d

Then use the values found in the cases whed, 2, 3 and 4to set

up and solve a system of four simultaneous equations in the four
unknownsa, b, ¢, dwhich turn out to be, 1, and 0

respectively).

However, this onlyprovesthat such an expression fits the bill in
these four cases: namety=1,2,3 and 4 You could try it out for
n=56,7,..., as far as you liked. You could convince yourself that
this expression for the sum of the squares of therfigisitive

integers just has to be true for every positive integdaut you
would have proved it in only a few (or even many) particular cases.
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Chapter 6 Sequences and Series

Try the robot approach:

n
when n=1, r2=1%2=1,

while the formula withn=1 gives

F(Q)A+1)(2x1+1) =L x1x2x3=1
also.

Hence the formula is true when=1. (The robot is on the
ladder at rung 1.)

Next, assumethat

< .k
Zrz :E (k+1)(2k+1)

r=1

(That is, the robot is on the ladder (somewhere) at kungow
what about rundg +17?)

Then it follows that
k+1 k
z z k+1
r=1 r=1

(k+1)(2k+1) +(k+1)*>  (the first term was assumed above)

olx

k 6
= E(k +1)(2k +1) + E(I( +1)*  (common denominator)

(k+1)

{k(2k+1)+6(k+1)}  (factorising)

- (k+1) (2k2 +7k+6)
6

= (kgl)(k+2)(2k+3)
Now notice that this expression is
%(k+1)([k+1] +1)(2[k +1] +1),
which is precisely the formula expected, but with k +1.

Soif the formula assumed when=k is truethen, by adding on
the (k+1)th term, it must also be true wherr k+1, whateverk
is. (The robot can get from rumkgo rungk +1.)
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Chapter 6 Sequences and Series

In itself, this step of the process is a big IF. But the formaila
true whenn=1, so this 'stepping up' bit proves it must be true
whenn=2 also. Since itis true fan=2 (which it now is

known to be) then it must be true fo= 3 as well; and then for
n=4,n=5,... and for all positive integers

Remember that the 'stepping up' part of the proof relies on an
assumption (called thieduction hypothesig and it is

important, therefore, to use the word 'assume' (or 'suppose’)
otherwise there is a large amount of written explanation to do at
the end of this proof in order to finalise matters conclusively.
The proof is clinched by showing that the whole process starts in
the first place.

Example

Use mathematical induction to prove that, for all positive
integersn,

2.2+3.2+...+(n+1).2"=n.2""!

Solution
Whenn=1, LHS=2.2=4
and RHS=1.2""1=1.4=4
and the statement is true wherr1. (starting step)
Assume that the formula is true for= k; that is
2.2+3. 2+ .. +(k+1).2¢ =k. 2" (induction hypothesis)

Then, whem =k +1,

2.2+3. 2+ . +(k+1).2% +(k+2).2*"

1
2.%&35&55%(%%% +(k+2).2%1  ((k+1)term added)

k.2k*t +(k+2).2"  (by the hypothesis)
=2k +k+2)

=22k +2)

=21 2(k +1)

= (k+1).2¢*2
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Chapter 6 Sequences and Series

which is the required formula witkreplaced byk +1. Hence if
the statement is true far=k, then it is also true fon=k +1.

By induction2.2+3.22 + ... +(n+1).2" =n.2" is true for all
positive integers.

Note: because it is easy to decide what the final expression (‘the

formula forn =k with k replaced byk +1") should be in advance,
many students 'fiddle' it into existence, or simply write it straight
down, without showing the necessary working to demonstrate that

it does indeed arise as a result of adding on khielth term to
the assumed sum-teterms. Be careful to show your working!

The following example illustrates the minimal amount of working
that needs to be put down in order to clinch an inductive proof.

Example
Prove by induction that

n

_1_ 1
> r(r+1)(r+2) 4 2(n+1)(n+2)

r=1

for all positive integers.

Solution
= 1 1 1
Forn=1, LHS= Z =
r+1)(r+2) 1x2x3 6’
while RHS-— 1 -1 _1_1 also.
4 2x2x3 4 12 6

Now assume that

. 1 1
zr r+1 (r+2) Z_Z(k+1)(k+2)

r=1

Then

- 1 1
Z r+1 (r+2) r(r +1)(r+2)+(k+1)(k+2)(k+3)

=1 =1

-

1. 1 . 1
T4 2k )k+2)  (krD)(kr2)(kr)

:éll_(k+1)l(k+2)%_k13ﬁ
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_1_ 1 Ek+3—2%
4 (k+1(k+2)2(k+3)

_1_ (k+1)
4 2(k+1)(k+2)(k+3)
1 1

:Z_ 2([k+1] +1)([k+1]+2)' as required.

Proof follows by induction.

Exercise 6B

n
Use mathematical induction to prove the following 5. zr xr! =(n+1)!—1
results for all positive integerns =1

n

1. Z 3—7 n+1 6. rx2rl= (n ]_)><2”+]_
1 * 7. COSX+COSX+COSE+.. _+cog N-1)x = sin 2nx
2. (r +3)==n(n+1)(n+5) i
) ’ N mo mi™
n 8. Zr(r +1)DEI] =16- (n2+5n+8)|:| 0

3. (2r—1)(2r+1):1+1(2n—1)(2n+1)(2n+3)
Z 2 6 o (=) 2 = (<) n(n2+1)

n

2 1 1
4. Z (r+1)(r+2)(r+3) 6 (n+2)(n+3)

r=1

6.4 The difference method

The process of proof by induction, whilst being a powerful
mathematical tool, has the disadvantage that, in order to employ
it, you really need to have the answer (or something you
strongly suspect to be the answer) to begin with.

There are, however, direct methods of proof available in most
cases. One of these is known as the method of differences, or
the difference method

The following example illustrates the method of differences.
Although the working appears initially to be going nowhere, it
will eventually lead to a direct proof that

During the proof it will be assumed thir —% (n+1), which
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Chapter 6 Sequences and Series
has been established previously as the sum of an arithmetic series.
Consider the following identity:
n®-(n-1)°= n‘°’—(n3—3n2 +3n—l)

ie. n®-(n-1)°=3n%-3n+1. (1)

From this, the similar identity
(n-1)°-(n-2)°=3(n-1)*-3(n-1) +1

can be deduced by replacindyy n-1.

Also, replacingn by n—2 in equation (1) gives
(n-2)°-(n-3)°=3(n-2)*-3(n-2)+1, etc.

Writing this sequence of results in a column form:
n®-(n-1)°=3n%-3n+1

(n-1°-(n-2)°=3(n-1)*-3(n-1) +1

(n-2)°-(n-3)°=3(n-2)*-3(n-2)+1

(n-3)°-(n-4)>=3(n-3)*-3(n-3)+1

F-2° =3(3°-3(3 +1
2°-1° =3(2°-3(2) +1
1*-0° = 3(0)°-3(1) +1

Now add up all the terms on the LHS: you g&t-0°, since alll
other terms appear once positively and once negatively, cancelling
out. Adding up the RHS in three columns gives

Srzzlr2 —SZHn

n n n
Thus n*=35r2-3¥r+n i -1
u Z Z [using Zr 2n(n+1)]

r=1 r=1 r=1
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= n(n2 —1) + gn(n+1)

- 22n(n—1)(n+1)+gn(n+1)

n(n+1)
2

{2(n-1)+3

- %n(n+l)(2n+l)

Finally, dividing by 3 gives the required result,

n
5

r=1

n(n+1)(2n+1)

ok

Example

By consideringn® - (n-1)° and similar expressions, find the
n

formula for § r* in terms ofn, assuming the results for
=1

r=

n n n
Zr,Zr2 aner3.

r=1 r=1 r=1

Solution

n®-(n-1)° =5n*-10n% +10n? -5n+1
(n-12)°-(n-2)°=5(n-1)*-10(n-1)° +10(n-1)* -5(n-1) +1

(n-2)°-(n-3)°=5(n-2)* -10(n-2)° +10(n- 2)* -5(n - 2) +1

3°-25=5(3)" -10(3° +10(3* -5(3) +1
2°-15=5(2)" -10(2)° +10(2)* -5(2) +1

1°-0° =5(1)* -10(1)° +10(1)* - 5(1) +1

n n n n
Adding: n°-0°=5% r*-10Y¥ r®+10¥ r2-5¥ r+n
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Rearranging, and using the three standard results:
C e 2 AN n
5% r*=(r-n)+10—(n+1)"-10-(n+1)(2n+1)+5_(n+1
5 1= () +107 (1+2/ ~100(n+ )20 +2)+53(0+1)
= Sn(n-(n+1(n? +2)+ n2(n+1)? 10" (n+12)(2n+1) + 2n(n+1)
6 6 6 6
1 2
:gn(n+1){6(n—1)(n +1)+15n(n+1) -10(2n +1) +15)
:%n(n+1){6n3—6n2+6n—6+15n2+15n—20n—10+15}
1 3 2
==n(n+1){6n°+9n° +n-1
5 n(n+ 1) )

= %n(n+1)(2n +1)(3n% +3n-1)

ir4 =$n(n+1)(2n+1)(3n2 +3n—l),

r=1

admittedly not a very appealing result! You will note, however,
that the method of differences consists of adding two sides of a
set of identities of a common form, where one side is expressed
as a difference of successive terms. In this way, almost all
terms cancel on this side in the summation.

The difference method can be employed in other circumstances

also.
Example
Prove that
- or o, 1
r:l(r+1)! (n+1)!
Solution

Some ingenuity is needed here to turn the one term in the
summation on the LHS into two terms. Note that
ro_r+1-1_r+1 1 _1 1
(r+0!  (r+2 (r+1! (r+2 r! (r+2)

so that

C r _<l 1 O
z(r+1)!_ZEﬁ (r+1)H

r=1 r=1
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_0l_1p,01 10,0110,

B TR IS M TRET S M =T Tin
Dl 1551 1 0

Oh-11 niO H>' n+1)!E

11 [since all other terms cancel]
1 (n+1)!
1
=1-
(n+1)!

The difference method can be summarised by the following, which
has been described as the fundamental theorem of summation:

i r)=f(r-1)} = f(n)- £(0)

r=1

wheref is any function suitably defined on the non-negative
integers.

As an example takef (r) :sin%ar +%gfor some constant

a (not equal to a multiple a27). Then

sin%ir + gg— sin%\[ r-1+ an
= sin%\r + gg—sin%ﬂ - %B

a
Uar+ % +ar-
=2co

= Zcos{ar)sin%

and

4 . a_ B o af_ .10
ZZcos{ar)smE—f(n) f(O)—sm%\m SmDZD

by the difference method; leading to the result

0. ag 0O

L _ 1?'”%‘“ 0 .g

coqar) = —E 3 —1@
=1 sin=

or, since

sin%n+ED A0 2co (a(n+1) O n2ant

>0 S"507 T2 oo
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(a(n+1)0_. mang
. cosg o BSiNE, g
Zcos(ar)= a
r=1 sinE

If you find this approach a little confusing, it only enables you
to save a line or two of working. In tricky cases, resorting to

writing out the series in question and seeing the terms which
cancel will prove much simpler to handle correctly.

Example

Express#+ in terms of partial fractions.
X(x

(x+1)

n

Hence show thaE 1 _.n for all positive integers.
Lr(r+1) n+1

Solution

Assume 1 _A, B

x(x+1) ~ x  x+1’

By the cover—up method (or multiplying through ®fx+1) and
comparing coefficients or substituting value8)71 andB=-1.

n n
1 m 10
Then = -
rz:lr(r+1) ;Dr r+10
-_A_1lo.0l 1o, _1o,
i 20 L 30 B 40~
L1 1g,m_ 10
Un-1 nU On n+20

:;_ 1 :n+1_ 1
1 n+1 n+l n+1

n .
=——, asrequired.
n+1

n
Alternatively, note that this |§{ f(r)=f(r-1)} with
r=1

f(r):—ﬁ. The sum is then
: __ 1 o 1o, 1
f(n)-f(0)= 31 0 0210 1 L etc. as before.

Chapter 6 Sequences and Series
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Exercise 6C

1. Show that3r(r +1) =r(r +1)(r +2) =r(r —1)(r +1) 7. Use the method of differences to find
n n
1 1 .
and deduce thaZr(r +1):§n(n+1)(n+2). ZW in terms ofn.
n
2. Express# in partial fractions, and hence 8. Prove that ﬂ:nﬂ_ 1
r(r+2) 21y 1
n . .
show thatZ 1 _3_ 2n+3 9. Prove the identity
£r(r+2) 4 2(n+1)(n+2) cog A- B) - cog A+ B) = 2sinAsinB.

Hence prove that

3. Simplify the expressiofr +1)!-r! and hence
P P fr+) sing{sin6 +sin39+sin50 + ... +sin(2n-1)6} =sin’ nd

n

prove thaterr!:(n+1)!—1. . 1
= 10. Express————— in partial fractions. Hence
r(r+1)(r+2)
4. Simplify the expressio;ﬁv’r AT —1)(\s/r =r —1). prove the result
n 1 . 1 _1_ 1
Hence prove thazm: vn for all Z rir+1)(r+2) 4 2(n+1)(n+2)
positive integers. * S 1 1
) 11. By con&dermw—m, show that
5. Given that is a positive integer and(r)=-—=, N
r amt _ aV-1
find a single expression fof(r)- f(r +1). Hence Z (1+a”‘1)(1+a”) - 2(a—1)(aN +1) '
<0 2r+1 O_(3n+1)(5n+1) wherea is positive anda#1. Deduce that

rove that =
P ZErz(r+l)ZE n?(4n+1)°

N n
Z — ~<1. (Cambridge)
6. Prove the identity ) i1+2 N1+2 )

2r+3 _ 2r+5 _ 2(r+3) _ "12. Use the difference method to show that
rir+1) (r+1)(r+2) r(r+1)(r+2) n L L
. . . —1-
Hence, or otherwise, find the sum of the series ; (k+1)\ KAk K+l n+l

8 , 10 . . 2n+3
1x2x3 2x3x4 n(n+1)(n+2)

Sﬂ:

6.5 Infinite series

Thus far in this chapter you have studied only finite series. You
have, however, already encountered at least one example of a
series which can be 'summed-to-infinity" without simply
obtaining an ‘'infinitely large number’, namely the geometric

series
a+ar+ar’+. . +ar"t+ .,

provided that-1<r <1.

The sum tan terms of a geometric series can be expressed as

S :a(i::n) (r £1)
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which can be split up as

n

a ar

1-r 1-r’

For|r|<1,r" - 0 asn - « (said'r" tends to zero astends to
infinity "), in which case the second term0 also. This is written

- n
lim @%QZO
n - oo -r

) . L Qar" O.
and said 'the limit as tends to infinity of is zero'. The
YOR - H

infinite geometric series converges in this case to the number

nlIEnoo{ﬁ} =%’

or S, =2 for short.
1-r
n
When\ r \ >1, fL/_, 0, and the geometric series 'diverges', having
-r

no limit.

The sum-to-infinity of any convergent series is defined in the
following way: givens§,, the sum ta terms of a series,

S =lim (S)
Example
= 1
From an earlier example =1- =S.
P o (e~ S
Then
. 1 0
=lim - =1
== H neH
. 1
since —»0asn - o;
(n+1)!

i.e. the sum of the infinite series

i+2+3+... is 1.

21 31 41
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Example

2
Given that, = 2%, "o find im ().

n- o
Solution

By dividing the numerator and denominator §f by n?, S, can
be written in the form

5434 10
S = n n°0
%é_lﬂ
n n*0
Now,asnﬁm,i_.Oandiz_,Osothats]_.g.
n n 3
2
Thus§, = .
S 3

Another way of deducing this is to observe that,fdarge’, the
numerator is= 2n?; the ‘&' and the '1' paling into insignificance
in comparison; while the denominators$8n? for similar

2n? _2

reasons. Theg, = a3

Exercise 6D

1. The first term of a geometric series is 8 and the ) S, = (3”+1)(5”+1)

sum to infinity is 400. Find the common ratio. (4n+1)2
2. The first, second and third terms of a geometric
series arg, p? andq respectively, whergp<0. d) S, = (2n+3)(n+1)
The first, second and third terms of an arithmetic n(n+2)(n+4)
series are, g, p? respectively.
(a) Show thatp=-% and find the value of. (e) S, :(n(?_)n(+5))
n+1)(n+2
(b) Find the sum-to-infinity of the geometric
series. 0 s = 5n+11
3. GivenS§,, deduce the value d§, in each of the 2(n+1)(n+2)
following cases: . _3_ on+3
(@) § =" 4 2n+1)(n+2)
2n+1
O O
(b) S, _1_ 1 4. GivenS§(n=nx2"" find lim S( n+1)H
4~ 2(n+1)(n+2) n-=0 S(n)
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n

5. Assuming the resultir :%n(n+1) 6. A geometric series is given by

r=
e +3e* +9e™ +...

andZ n+1 2n+1) find an expression (a) Find the value of the sum-to-infinity in the
case wherx=1In2.

(b) Determine the ranges of valuesxfor which

for § r(r+1) in terms ofn. Hence determine S .
a sum-to-infinity exists.
r=.

n
r(r+1

lim rgl( )
n - oo

6.6 Infinite hinomial series

In Pure Mathematicyou will have encountered thénomial
theorem for positive integers,; that is, the (finite) series

expansions fofa+b)" in terms ofa, b andn whenn=1,2, 3,...

Remember(a+b)" %Eﬂ” +E1Ea“ I+ &Ea” 2p? + %Eo“

! -)(n-2)...(n-r+1
where Er% _anIrI n(n=1)(n r? (n=r+1) (for0<r<n)

are called thdinomial coefficients

From this, the result

(1+x)" =1+nx+ n(r;l) X2+n(n—1?2!(n—2) X+ (2)

can be deduced, and this series terminates (i.e. is finite) in the
cases when is a positive integer, since the fac{or-n)

appears in all the coefficients of powersxdfom x"**
onwards.

What happens:  when Nis not a positive integer?

when N is a negative integer such as
n=-3?

when nis a rational such as 1 ?
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In these cases, the factor of zero no longer appears at any stage in
the expansion and the series continues indefinitely. Although the

binomial coefficientgg or "C, is only defined for non-negative

integersn andr, (note thauérjg is defined to be zero whar> n),

the coefficients still take the form given in equation (2). The
proof of this result forms part of an activity later in the chapter.

Example
Expand(1+x)™® in ascending powers of up to and including the

term inxé.

Solution
Using the given expansion in the form

(14X)" =1+ nx+ n(n-1) 2+ n(n-1)(n-2) Gt

gives

1+ X)_3 =1+(-3)x+ (_3)2(_ ) X2 + (_3)(_64)(_5) N
=1-3x+6x>-10x> +...

Example

Expand(1-6x)? up to the term inc®.

Solution

(1-6x)} = (1+[-6x])°

(00" =(o0(-61)

:1—3x—gx2—2—7x3...
2 2
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Example

1
Expand(4+3x) 2 up to the term inc.

Solution

Now the form of the general binomial expansion given is for
(1+ 'somethingfp*e, while this example is (4 + 'something".

Although it is quite possible to adapt back to the fdam b)",

you are strongly advised to begin each binomial expansion (of
the infinite variety) with (1 + ...)

This is easily done here in the following way:

4+3x=4gl+%xg

N

1 3.0
so that (4+3x)2 = %JEHZXEH

N~

1 1 _
-5 3. 02 3.0
=4 2 ~ ~
4 %,+4XD [Not 4%[+4XD ]

N

183

To demonstrate this simple algebraic technique has taken four
lines of working, as this is an example. It can be performed
automatically in your working provided you do not make the
mistake highlighted in the bracket above, which is a very
common error indeed.

To continue,
1 1
A 3. 02
g D_}IZD_ﬁD D_}D]_ﬁED_§D g
_1f.0108,0,0 20 2008 f 0 ot o 208 f | [
2ED2ED4D 2! L "0 K] Lg ™0 E

_1@1 3 27 » 135 3 @
=THA-TIx+ T 3
2 8 128 1024

1 3 .27 , 135 ,
—5——x+—x - ==X+

16 256 2048
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6.7 Conditions for convergence
of the binomial series

The infinite geometric series

1+ xX+X2+x3+ .+ X"+,

1

has ==
S, 1-X

a-x)"

This familiar result is therefore an example of an infinite
binomial expansion, and you have already seen that this series
convergesonly if —1<x<1.

Whenn is a positive integer, or zero, the binomial series for

(1+x)" converges for all values af since the expansion is
finite. This is not the case, however, wheis not a positive
integer, as already noted.

*Activity 2

By writing (1+x)" as Z U, with
r=0

U = n(n-1)(n-2)...(n-r+1) o
T 1x2x3...r

the sequencfu} can be defined by

(n-r+1)

w=1land u, = xxu,_,forr=2.

Write a program to find the partial sums(af- X)" as follows

(i) Choose suitable input values KfandX.
(i) Define variablesS, M, R andU with initial values

S=1, M=N, R=0,U=1. (Sisthe sum so fam will
be the additional factor N - R+1) at each stageR
is the number of terms added after the 1; &nd the
last term added to the sum.)

(iii) Repeat the steps Prilt andS at this point
Now increaseR by 1;
(UxMxX).
R :
S becomes+U;
decreaséM by 1.

U becomes
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This could be done on a programmable calculator. You need to
be able to repeat the step once each time you press (for instance)
the 'EXECUTE' button.

The purpose of the investigation is to choose valudg afid X
and discover which values &flead to the convergence of

(1+ X)" for the various possible values Nf The convergence/

divergence of the geometric series suggests the investigation of
the cases

X<-1, X=-1, -1<X<] X=1, X>1

for various possible values bdF

The conclusions you should have reached from the Activity
above are as follows.

Whenn is not a positive integer (or zero), the series expansion
of (1+x)" is convergent

(i) for -1<x<1 whenn<-1,
(i) for -1<x<1 when-1<n<Q0,
(iii) for -1<x<1 whenn>0.
The above results are not widely acknowledged and you are not

required to know them in this detail. However, you will be
expected to be able to quote the following, simplified rule:

Forn not a positive integer, or zero, the

series expansion ofl+x)" is convergent
for -1<x <1 in general.

Example
State the values offor which the following series expansions
converge:
@ (-%7 ) @A © o
3/3+2x

Solution
-7
(@ (2-x)"= 24%‘%% , which converges forl< —g <1,

i.e. for 2<x<2.

3
(b) (1+4x)a converges forl<4x<1,i.e. for—%<x<%

1

(Infact-=<x<=
4

1
4 )
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1 _1
c = 3+2x 3
(c) 33+ ox (

1<Q<1D §<x<§. (Infact,—§<xs
3 2 2 2

=3 EJL ZXD , converging for

)

N W

Example
Write down the expansion (QI—ZX)% up to and including the

term in x>. By settingx :l—éo, use this expansion to find an

approximation to\2 to eight places of decimals.

Solution
Mm 10 Mm 1 30
(1-2x)2 =1+ 1(—2x)+D2ED 2D(—2x) 20 20 2D( -2x)° +
2 2! 3!

=1-x-Ix2-1y
2

. 1 ) 1 _1o1df_1p1Q
Settin x=— [0 (1-0.02z2=1-—
‘N9 100 ( ) =1-106" 20000 ~ 2ChooD

0 +0.98=1-0.01-0.00005-0.0000005..

Now 0.98= ﬁ 4—9><2 so that
100 100
7
0.98= " .2
\ 10\
Then 7 2~0.9899495
10

10x0.9899495_

and 2=
' 7

=1.414 213 57(to 8 d.p.)

All this working can easily be done without a calculator, and to
8d.p.v2=1.41421356

Example

Given that-1< x <1, find the expansion ofA in

@rxfa+x)

ascending powers of up to and including the term ix?.
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Solution

3-2x

(1+x)(4+x? =(3-2x)(1+ X)_l(4 + xz)_1

I

[ =
—
w

I
N
<
N
—_
[ERN

I

x

+
x

N

I

x

w
+
EII:Q,D

I

x
+
||

x+1lyz 15,3

3.5
4 4" 16~ 16

Alternatively, you could Write(l 3)_2)( o>y in partial fractions:
+Xx)(4+ X
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-1
1 x+1 -1 1@ x20
—- =(1+x) —-(1+x)=fd+—Qg etc., as
Lex ane @70 - H g
before.
Exercise 6E
1. Write down the first four terms in the binomial State the range of values wffor which this
expansions of expansion is valid.
F -1 L X 1
(a) (1+3x) (b) 2+x)~  (c) \:1+E 4. Obtain the expansion ¢16+y)2 in ascending
~ 1+x 1-x powers ofy up to and including the term iy?.
@ (5-3%)7" (@ O —— L _
1-x V1+X Hence show that ik® and higher powers df are

For each part above, state the (simplified) range of
values ofx for which the expansion is valid.

neglected,j16+4k +k? = 4+E +

k 3k?
32

2. Find, in simplified form, the first three non-zero 5. Obtain the expansion in ascending powers,of

terms in ascending powers wfof the series up to and including the term ir®, of
expansions of
1+5x for | x| < 1
1+3x 1 1 2"
a) ———5 for |x|<= +
( ) (1_2X)4 ‘ ‘ 2 (1 2X)2

By putting x=0.04 deduce an approximate value

(b) (2+x)V1-x for |x|<1

3. Expand( 3+x in ascending powers of places.

1+X2)(1+2x)

up to and including the term ixr®.

of % giving your answer to three decimal
A
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X

6. Expand-——————— up to the term i, 9. Use the binomial theorem to show that
(1-2x)7(1-3x)
For what range of values afis the expansion / x? :1x2+ix4+kx6+...(\ x\<2)
valid? Ja-x2 2
11— x2 i
7 Write down the binomial series fcvl x2 up to for some constank, and state its value.
1+x Hence show by integrating these first three terms
and including the term ix*. of the series, that the value of the integral
1
8. Determine the series expansion(bf x) 2 up to i=( x*dx
-[0'\4—X2

and including the term in®. By settingx:i
10 is approximately 0.1808.
determine, without the aid of a calculator, an

approximate value of/10, giving your answer to
7 decimal places.

6.8 Maclaurin expansions

Along with infinite geometric series and the general binomial
series, many other functions can also be representedvasr
series(which can be thought of as polynomials of infinite
degree). For such a power series to exist, the function in
gquestion needs to be infinitely differentiable, with each
derivative, f"(x) (n=1,2,3,..), capable of being evaluated at
x=0 and in some range of valuesyotontaining 0. Consider,
for example,f(x) =€*. One way of defining this exponential
function is by choosing the base numkeén such a way that

f'(x) =€ also; that is, the function is its own derivative. Hence
f("(x)=e* for n=1,2,3,... Maclaurin's theorem can now be
illustrated in this case.

Writing €° = a, + a,x + a,x? + a;x° + a,x* + ..., wherea, is the
coefficient ofx" for 0<r <, repeated differentiation gives

e* = a +2a,x+3a;x* +4a,x> +...
and €= 2a,+3x2xax+4x3a,x*+...
and €= 3x2a; +4x3x2g,X+...
and €= 4x3x2a, +... etc.

Since € =1, substitutingx = 0 in each line gives

l=a,, 1=&, 1=2a,, 1=3x2a;, 1=4x3x2a, ...
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In general, it is easily seen that thi& derivative evaluated at
x=0, f"(0), gives

1=n(n-1)(n-2)...3x2a,,
_1
so that an—H

The power series fog* is then

2 3 n
eX=1+x+5+X—+.. + X

31 77 !

and this is called the Maclaurin series, or Maclaurin expansion, of

How can you find the series for € *2

To obtain the power series fer* it is not necessary to repeat the
above process: simply replacirdy —x in the series foe* gives

(Note that(-1)" = -1 whenr is odd, and-1)" = +1 whenr is
even.)

For a general functiori(x), satisfying the relevant conditions,
Maclaurin's theorem gives the expansion

N x3

f(x)=f(0)+ f'(0)x+ f"(0)§+ f”’(O)§+...

ie. f(x):rZOf(r)(O)):!

Activity 3

Using the results(;j—x(sinx) = COSX and%(cosx) =-sinx, find the

Maclaurin series fosinx. Without repeating the whole process,
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deduce the series fa@osx.

Activity 4

Use Maclaurin's theorem to prove that

(1+x)" =1+nx+ n(nZTl) X2 + n(n-1)(n-2) X3+

Example
Determine the Maclaurin series ftanhx up to and including
the term inx®.

Solution
f(x) = tanhx
f'(x) = sechtx

f"(x) = 2sechx(-sechx tanhx)
= —2sechx tanhx
f(x) = —2sechx x secHx - 2 tanhx (—Zsecﬁx tanhx)

= —2sechx + 4sechxtani? x
This gives
f(0)=0  (sincetanh0=0)
f'(0)=1 (sincesech0=1)
f7(0)=-2x1*x0=0

f(0)=-2x1* +4x1*x 0% = -2

2
So tanhx:0+1xx+0xxz+(—2)§+...
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The following alternative approach is quite useful.

Write y = tanhx. Then%’ =

X

secfx =1-tantf x =1-y?. Next,

differentiate%’ =1-y? ﬂ with respect to implicitly, to give

d?y dy
< = —2 <
dx? Y ax
d’y Od?yO_,dyodyo e
and —2=-2 -2—2 =2 using the Product Rule
dx® YHaxe H “ dx CaxO (using )
d’y _ odycf
=-2 -2 etc.
Yo~ “TaxD
2
Then, whenx=0,y=0, %:1—02 =1, %Y= Hxox1=0,
3
9Y - axox0-2x12=-2,....
dx
Activity 5
1. Determine the Maclaurin expansions of the following

functions, up to and including the termxA:

1
a -
(@) 1-x
(b) In(1+x). (Why is it not possible to find a power
series forln x?)
() In(1-x).

Describe how the series for (c) can be found
(i) using the answer to (b);

(iyusing the answer to (a).

Use the resultdg(sinhx) = coshx anddi(coshx) =sinhx
X X

to find the Maclaurin series f@inhx andcoshx.

Prove Euler's relationshig® = cos@ +isiné.
Use the Maclaurin series feinx, cosx, sinhx andcoshx to
show thatsinix =isinhx andcosix = coshx, wherei? = -1.

Chapter 6 Sequences and Series
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Example
Given that the first non-zero term in the series expansion of

e P —(1+2x)™ in ascending powers afis —4x?, find the value
of p and the value od.

Solution

=1 (pg s (B

=1- px+%p2X2+...

i)

and (1+2x)™? =1+(-q)(2x) +#(2x)2 +...

=1-2gx+2q(q+1) X% +...

Subtracting
e P —(1+2x)9 =(29- p)x + % p% - 2¢° —2q§<2+...

It is given that the coefficient ofis zero. Thugp=2q. The
coefficient of x* is then%(Zq)2 -20°-2q. As this is equal to

-4, it follows thatq=2 and p=4.

Validity

The series expansions fef, e, sinx, cosx, sinhx andcoshx

(also fortanx andtanhx, although these are not very
straightforward and so cannot easily be remembered) are valid
for all realx.

However, the series fdn(1+x) is valid for-1<x<1 only,
while the series fom(1-x) is valid for-1< x<1.

It is not within the scope of this course formally to establish

these results, but you should learn them and you may be
expected to use them.
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Exercise 6F

1. Write down the first four terms in the series 7. The functiony = f(x) satisfies the differential
expansions of )
. d%y , .dy _ . .
X[ equatlon?+6d—+9y—365|n3<, and is such
(a) 2 (b) In%ﬁ—u (c) sin3x X X
2 that f(0)=2 andf’'(0)=-4. Write down the value
of f"(0) and obtain the value of""(0). Hence
(d) co&lx (e) Iner—Xg (f) sin2x—cos4x (0) (0)
2 (- x obtain the Maclaurin expansion d{x) in
" ascending powers of up to and including the
e —X _ —X H 3
(9) > (h) (1+e )(l 2e ) term in x°.

Use Maclaurin's theorem to determine the series8.

expansions of the following functions, up to and

including the term inx®:
(a) f(x)=sin"x (b) f(x)=~cosx

(c) f(x)=tan™{sinh(x+In2)}

9. Write down the expansion & in ascending
. . . 3
(d) f(x):?_x powers ofx up to and including the term ix°.
2X
d d Show that the series expansiongf— is
(For (d): d—(ax):d—(ex'”a):ln ae=a*Ina) 1+x
x X 1+x+x%+... (|x <1) and find the coefficient of
The series expansion, in ascending power§ of x3 in this expansion. Use these four terms of the
of 4cos@P-cos49 beginsA+B8*, whereA andB 1,
are integers. Find the values AfandB. expansion to find an approximation j’d‘lerx,
o 1+Xx
Use the Maclaurin series feosx andIn(1+y) giving your answer to 3 decimal places.
to show thatln(cosx):sz +Bx* when terms in 10. Show that wher is small enough fo#? and
x® and higher powers of can be neglected. higher powers ofd to be neglected,
State the values of the constaitsandB. (2-tand)(1+sin26) =2+36. Hence find an
0.02
Given thaty = tanx, show that%:h y? and approximation forI()(Z—tanQ)(l+sm20)d9,
X
giving your answer to 4 decimal places.
d?y _ 2 - e dy
—Z—Zy(1+y ) Obtain an expression for— ] T T 1
dx dx 11. Given that—5<x<E and thaty = (secx +tanx)?,

in terms ofy. Evaluate these derivatives &0
and hence write down the Maclaurin series of

tanx, including the term i3,

Given thatO< x <1, write down the sum of the

2 X3 r

infinite seriesx+x—+—+...+x—+... By
2 3 r

integrating this series term by term, show that

X2 X8 x*

+ + +...+
1x2 2x3 3x4

+
Xl’l

r(r+1)+

=x+(1-x)In(1-x)
Hence, or otherwise, find the sum of the infinite
series

1, 1 mo, 1 ooif 1omdh,
1x2 2x3M20 3x4020 " r(r+2)

Given f(x) = 3, 1., 2

= ————, show that
1+x 1-2x (1-2x)

In{ f(x)} =In6+ Ax+Bx?, provided that terms in

x® and higher terms of can be neglected. Find
the value ofA and the value oB.

prove that
dy _

(a) 2===ysecx, and
dx

2
(b) 43—2 = ysecx(secx + 2tanx) .
X

Use these results to find the valuesyof% and
d?y

3
5> Whenx=0. Find the value ofd—z when
dx dx

x=0. Find a cubic polynomial approximation

for (secx+tanx)? whenx is small and hence
deduce an estimate to 5 decimal places for the

1
2

01
integralI(seowtanx) dx.
0
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12. Given thaty =In(1+sinx), find Y and show that Hence show that ik®> and higher powers of are
& dx neglected,
(l+sinx)—¥+1=0. Find the fourth-degree CL+SINXT [ 4 3
dx In k(x -X )
O1+x O

polynomial approximation tq = In(1+sin9). wherek is a constant. State the valuekof

6.9 General terms

In some cases, you have already seen and worked with the general
terms of a number of the series expansions encountered in this
chapter. For instance, the general term of the binomial series for

(1+x)"is

n(n-1)(n-2)...(n-r+1) o
rl

Note: 'n' has a specific value here and should not therefore be used
as a variable.

In most cases it will be the term kY that will be required. The

2 X3

. X
series e =l+x+—+"—+
2! 3!

n
has general tern%(nT, as has already been seen. With finite series,

n was usually taken as the last term in the summatiorr aised as

the summation index, but with infinite series there is no last term
andn is often used. As long as you do not get confused, onuse

as a variable when it is also being used as a fixed value at the same
time, then there is no problem. The general term is the one which
represents the form of each term of the series.

Thus i)r:

In some cases, such as the seriessiiox,

3 X5 X7

. X
sinx=x="-+"-="2_
3t 51 7!

only some powers of are non-zero; here, the odd ones — the
coefficient ofx" is zero wherx is even. This is easily dealt with

n-1

n+l
sinx = Z 2n 1)

(Check that this gives the correct terms with the correct signs.)
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Activity ©

Write down the general terms in the series expansions of

e, cosx, In(1+x), In(1-x), ﬁ sinhx, coshx

Example

Prove that the coefficient of in the binomial expansion of
L isk+1

(1-x)

Method 1

k+1+‘

. .1
Using the expansion = =1+ x+x2+ X3+ +xK +x
-X

for which all the coefficients are 1 (remember this is the infinite
geometric series), and differentiating:

1 > =0+1+2x+ 32 + .+ kT (kD)X + ..

(1-x)

and the coefficient ok* is seen to bék +1), as required.

Method 2

Using the general term of the binomial series,

n(n-1)(n-2)...(n-k+1) X
k!

with n=-2 and X' =—x, gives the general term

(-2)(-3)(-4)...(-2-k +1) (=x)"

k!

Chapter 6 Sequences and Series

=(_1)k 2x3x4..(k+1) (- )k k (taking out the factor of —1 from each

k! of thek terms in the numerator)
=(-1)* (k:!l)! xK
:1(k+1)xk (since X is even)
= (k+1)x¥

So thatx* has coefficien{(k +1).
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Exercise 6G

1. Find the coefficient ok" in the series expansions 5. Determine an expression for the coefficient of
of 2

x x"(n=2) in the series expansion ey3—+3,
(a) e (b) In(1+4x) (c) cosx e
where| x| <1.
2 - X
(d) sin”x (€) e () sth 6. Find the general term in the series expansion of
1+3x 1
1 , . _ 4 for|x|<3.
2. Expressf(x)=-——— in partial fractions. (1-2x)
(2-x)(1+x)

L ) 7. Fornzx1, prove that the coefficient of" in the
Hence show that the coefficient &f (n=0) in

2
) ) 101 " power series expansion M is 3n.
the series expansion df(x) is =G+ +(-1) a (1-x)
3 2n+
3. Find the values of the constamtsB andC for —2y)?
« A B c 8. Given that ,f(x)=|ng(1 ) g

which = + . g 1+2x {
(1-2x)*(1-3x) 1-3x 1-2x (1-2x)
(a) determine the Maclaurin series 6fx) up to

Hence write down the series expansion of . . .
and including the term ir3;

X
(1-2x)*(1-3x)
and including the term i®®. For what range of

in ascending powers of up to (b) state the range of values »for which the

series in (a) is valid;

values ofx is this expansion valid? Determine, (c) find the coefficient ofx" in this expansion.
in terms ofn, the coefficient ofx" in this
expansion.

4. Show that the coefficient of" in the binomial

+3
expansion of1-x)™ is éns é

6.10 Miscellaneous Exercises

1. Mr Brown invests £350 a year at the beginning of By considering the Maclaurin series for
every year in a savings scheme. At the end of

each year, interest of 7% of the total so far In(1+x), or otherwise, findlim s,
invested is added to the scheme. Show that, if no "
money is withdrawn, there will beSin the 3. Write down and simplify the first three terms in

scheme at the end of tmth year, where

_1
5:35(:(1-07+1-072 +---+1-07")- By using the sum the series expansion @+5D2 in ascending

. . . 30
of a geometric series, find the least number of

years necessary for the total in the scheme to powers ofx. S‘at? the _set of values effor
exceed £25 000. which the series is valid.

1 Given thatx is so small that terms ix* and
2 Expressu=-———— = in partial fractions. higher powers ok may be neglected, show that
press (2r-1)2r(2r +1) P

1
e BHKD 221- Ty Mo,

n
DenotingZur by S, prove that 20 6 24
&
Sn:;.yl_l.'.l_”'q. 1 _i_
2(n+1) 3 4 5 2n-1 2n

166



Prove by mathematical induction that, for all 9.

positive integers,
3r+2 _ n(2n+3)
; r(r+1(r+2) (n+1)(n+2)
Hence, or otherwise, find the sum of the infinite
series

8 11 14
+ + +
2x3x4 3x4x5 4x5x6

3k+2
k(k+1)(k+2)

(a) Show tha(2k+1)* —(2k-1)* = 64k° +16k .
Using this identity, prove that

n

Z (64K® +16k) = (2n+1)* -1

= 10.

n
(b) Assuming the resule:%n(n+l), use the

n
result in (a) to prove thaz K3 :%nz(n+1)2.

(Oxford)
A geometric series has first term 1 and common

ratio 3sin26.

(a) Find the sum of the first 10 terms in the case
when 92%, giving your answer to 3 decimal
places.

(b) Given that the sum-to-infinity is;‘-, find the

general solution fo@ in radians.

n

n
(a) Use the formulae foZr and § r? to show 12.
r=.

r=.

n

that Z(r +1)(r+2)= %(n+1)(n+2)(n+3).

(b) Using partial fractions, or otherwise, find the

n
sum of the serie§, = Zm

Deduce the value ofim .

Given thate =e* +e™*, show that

d?y , odycf - dy
——2+=72--1=0. Find the values oy, == and
dx?  OdxO of dx
d?y

ol whenx=0. Hence determine the

X

Maclaurin series foy in ascending powers of
up to and including the term ixf.

11

13.

Chapter 6 Sequences and Series

All the terms of a certain geometric progression
are positive. The first term i@ and the second

term isa®—a. Find the set of values affor
which the series converges.

Given thatazg:

(a) find the sum of the first 10 terms of the
series, giving your answer to 2 decimal
places;

(b) show that the sum-to-infinity of the series
is 5;

(c) find the least number of terms of the series
required to make their sum exceed 4.999.

Use induction to prove that

irz =1n(n+1)(2n+1)

r=1 6
n
Hence findz(n+r -1)(n+r), giving your
r=1

answer in terms of.

. (@) Write down in ascending powersthe

series forln(1-x), where| x| <1. Hence find

1 . .
E X2 giving your answer in the form
r
r=1

Inp, for some numbep.

e 1
b) Find —_—
() ;(r+1)!2r
Given thali x\ <+/3, determine the expansion of
f(x)= 16~ x in ascending powers ofup

(2—x)(3+ x2)

to and including the® term. Hence find, correct
to four decimal places, an approximation to

I 16-x
J;)(Z— x)(3+ xz)dx

N
. . 0 1 10 0
B d S =
y consi erlng; go% 2% CO%HZ%ET or
otherwise, show that
N
sinnx:cose%xxsin%(N +l)x§<sin%%ng,

n=1
provided thatsin%x;t 0. Deduce that
N-1

Zsinn—"<cosecl forall N=22. (Cambridge)
N 2N

n=1
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14.

15.

16.

17.

18.

(a) Write down and simplify binomial series in
ascending powers of up to and including

the terms inc for (1+ x)_l, (l—2x)_l and

(1-2x)72.

_ 2
(b) Express 6-11x+10x

—————— in partial fractions.
(1+ x)(1—2x)2 P

(c) Using the series from (a), expand

6-11x +10x>

(1+ x)(1—2x)2

and including the term ir®.
n

Prove by induction thaZr(Sr +1) =n(n+1)* for

r=

in ascending powers ofup to

all positive integers. (Cambridge)

Show that the sum of the first 50 terms of the
geometric series with first term 1 and common
1
ratior =2% js i.

Hence, by using the

trapezium rule with 50 intervals of equal width,

1
show thatJ’Zxdx is approximatelyﬁ,
o _

1
wherer =25, Evaluate this expression to 3
decimal places.

Write down the expansions of

(i) In(1+2x), (i) In(1+3x), (iii) (1—2x)_3

in ascending powers of up to and including the

term inx®. Given thatx is small enough fox*

and higher powers of to be ignored, show that
1+2x)°

nE(D7+ x) %z 3x2-10x°

(@) H1+3x)*

_ -3 _ abx _ §(1+2X)3 E:

constant, stating the value of.

kx® for some

(a) By considering the expansion lo{1-x)

find the sum of the infinite serie{%.
< rx2

(b) Write down the first four terms and the
general term of the expansion in ascending

powers ofx of (1-x)™. Hence, by
differentiation, obtain the first 3 terms and

the general term in the expansion (@f x)~,
and find the sum of the infinite series

>

r
2I’—1 )
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19.

20.

21.

Assuming the series expansions forxgos
In(1+x) and (1+x)™*, show that the series

expansions obos{ In( 2+ x)] and secf In( 2+ x)] are

. ) 1 2 1 3 5 4
iven respectively byl —=x“+=x>——x" +...
g p y by 5 5 12
and 1+5x2 Ly 2y4
2 2 3

Show by differentiating the series for
cos{ In( 2+ x)] that the series fosin[ In(1+ x)] is

x—tyzelysy
2 6

series forsecf I 1+ x)] to find a series expansion

and use this together with the

for tar{ In( 1+ x)] as far as the® term.

4j+1(j _1)

Leto(j) = 3(j+2)

.2 i
(a) Show thate(j)- (] _1)=W(41]+2)

(b) Hence find, in terms of, the sum of the

n

24

4 (i+2)(i+2)

Given thatf(x)=(2x-1)(2x+1),
n

(a) expressz f(r) as a cubic im

r=

series (Cambridge)

1 n

n
b) sh thaty} —~=——
(b) show aZf(r) 2n+1

n
(c) evaluateim § —1_
n- e f(r)

(d) find the coefficient ok" When% is

expanded in ascending powersipf
distinguishing between the case®dd andn
even. State the set of valuesxofor which
this expansion is valid.



