Chapter 4 Vectors

4 VECTORS

Objectives

After studying this chapter you should

* understand the difference between vectors and scalars;

e be able to find the magnitude and direction of a vector;

e be able to add vectors, and multiply by a scalar;

e appreciate the geometrical representation of vectors;

* be able to evaluate and interpret the scalar and vector products.

4.0 Introduction

Some physical quantities, such as temperature or time, are
completely specified by a number given in appropriate units

e.g.20°C, 14.30 hours. Quantities of this sort, which have only
magnitude, are referred to ssalars whereas quantities for which
it is also necessary to give a direction as well as magnitude are
calledvectors. Examples include

wind velocity

force

displacement.
In this text we will print vectors ibold type; for example
a, b, etc.

Unfortunately, whemwriting vectors you cannot distinguish them
from scalars in this way. The standard way of writing vectors is to
underline them; for example

a, b, etc.
It is very important for you to conform to this notation. Always

remember to underline your vectors, otherwise great confusion
will arise!

Activity 1

Make a list of scalar and vector quantities, distinguishing between
them.
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Chapter 4 Vectors

4.1 Vector representation

A vector can be represented by a section of a straight line,
whose length is equal to the magnitude of the vector, and whose
direction represents the direction of the vector.

B
All the lines shown opposite have the same magnitude and
direction, and so all represent the same veatofometimes the /a/
/a/
/a/

notation

—

AB

is used to represent the vector

Modulus

Themodulus of a vectora is its magnitude. It is written aa,
and is equal to the length of the line representing the vector.

Equal vectors

The vectorsa andb are equal if, and only if,

lal=|b| and

a andb are in the same directio

>

How are the vectors shown opposite, a= AB and b= I5Q, A
related? Q

Since |a|=|b

, and they are in opposite directions, we say that

b=-a.

Multiplication of a vector by a scalar

If A is a positive real number, théia is a vector in the same /a/ 2a
direction asa and is of magnitudeAla. If A =0, thenAa is

the zero vecto®, and if A <0 thenAa is the vector in the /a/
opposite direction ta and of magnitudé| |al.

Does the definition make sense when A =12
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Chapter 4 Vectors

Activity 2

Draw any vectob on a sheet of paper, and then also draw

(@) -b
(b) 2b, 3b, 4b
() 3b
(d) —2,-3b
— -
C
h
) y
Activity 3 d
The diagram opposite shows a number of vectors. Express
vectorsc, d, e, f, g andh in terms ofa or b.
f
1
—
e
4.2 Vector addition
If the sides AB and BC of a triangle ABC represent the vegors B q c
andq, then the third side, AC, is defined as the vector sum of o
andq; that is D+
- . - A
AB=p, BC=q 0O AC=p+q
This definition of vector addition is referred to as thangle law
of addition. You can then subtract vectors, @+ b simply means
a+(-b). For example
AB =BC-AC.
As an example, consider the displacement vectors. If you walk in
the direction North for 5 miles, then East for 10 miles, you can
represent these two displacements as vec@AsandAB, as A io B
shown opposite. The vector addition@A andAB is OB, and
this indeed is the final displacement from O. et
Example o

In the triangle ABC,AB represents, BC representd. If D is
the midpoint of AB, expres&C, CA andDC in terms ofa andb.
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Chapter 4 Vectors

Solution
AC = AB +AC =a+b
CA = -AC = -a-b
A
DC = DA +AC
= —-AD +AC
= —Za+(a+b) (since D is the midpoint of
AB)
. A
=sa+b
Example

ABCD is a parallelogramﬁTB represents and BC represents
b. If M is the midpoint of AC, and N is the midpoint of BD, find

AM andAN in terms ofa andb, and hence show that Mand N A
are coincident.

Solution
AC = AB+BC=a+b
so AM = }(a+h).
Similarly,
BD = BA+AD = ~AB +BC=-a+b,
so BN = 4(-a+b)
and AN = AB + BN
= avj(-a+)
=a-3a+i3b
= 3(a+b)
= AM

Since AN = AM , N and M must be coincident.
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Chapter 4 Vectors

Exercise 4A

1. Four points, O, A, B and C are such that 4. OABC is a tetrahedron with
OA=10a, OB=5b, OC=4a+3D. OA=a, OB=b, OC=c.
Find AB and BC in terms ofa andb and hence
show that A, B and C are collinear. c
2. ABCD is a quadrilateral. Find a single vector o
which is equivalent to A

- - - - - - - Find AﬁC, AB andCB in terms ofa, b andc and

(a) AB+BC (b) BC+CD (c) AB+BC+CD
hence show that

Hence deduce that - - -

AB +BC+CA=0.

AB+BC+CD+DA=0. .

5. In aregular hexagon ABCDERB =a and

3. .If a, b andc are reprgsented b4B, AD and A.‘F BC=b. Find expressions foIﬁE, I5C, AD and
in the cube shown, find < B
terms ofa, b andc, the R L BD in terms ofa andb.
vectors represented by ©
other edges. 6. Given that OA + OC= OB+ OD, show that the
E E quadrilateral ABCD is a parallelogram.
A D

4.3 Position vectors

In general, a vector has no specific location in space. However, if

a=OA, where O is a fixed origin, themis referred to as the
position vector of A, relative to O.

Is the position vector unique?

The use of position vectors for solving geometry problems has
already been illustrated in the previous section. Here, you will
see many more examples of this type, but first an important
result.

Theorem

If A and B are points with position vectoasandb and point C
divides A and B in the ratid:u, then C has position vector

pa+Aib
(A +/_1)

93



Chapter 4 Vectors

Proof
If C divides AB in the ratioA:u, then

AC = A AB
()\ +/_1)
_ U
and CB= AB
( (/\ +/,1) )
Hence AﬁC = A KB
()\ +/_1)

since AC andAB are in the same direction. Thus

AC= A EBB— 6Ag

(/\ +y)
A
_(/\ +/,1)(b a)
and OC=0A+AC
_ A _
—a+(/\+u)(b a)
_aA+pu-A)+Ab
(/\ +[J)
= ‘(Ijizl)) as required.

Note that, in the special cade= u, when C is the midpoint of
AB, then

OC=4(a+h)

and this result has already been developed in the last section.

Example

In the triangle OABOA =a andOB=b. If C divides the line
AB in the ratio 1:2 and D divides the line OB in the ratio 1:2,

find DC and hence show that DC is parallel to OA.
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Chapter 4 Vectors

Solution
From the result in the theorem above

6C=2a+bzga+1b
3 3 3
oy L
Clearly OD_§b'
S0 DC=D0+0C=-1b+Pa+1p0=24
37 3 30 3

SinceDC is a multiple ofa, it is in the same direction as that
is, DC is parallel to OA.

Example
In the figure opposite, X and Y are the midpoints of OA and OB

respectively. IfOA =a andOB=b find the position vector of A
the point Z, the intersection of XB and YA.

X
Solution
. - o} B
Ox=la and OY=1b. v
Thus XB = %(O + OB
= —1a+b :b—éa
2 2

Since Z lies on XB, for some scalar number, say

XZ = tXB :t%)—%ag

and 0Z=0X+XZ

_1 210
—Ea+tg:) >an

1
=—(1-t)a+tb.
S
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Chapter 4 Vectors

Similarly, for some scalar numbsyrusing the fact that Z lies on

AY gives

dZ=sa+%(1—s)b.

But these vectors are equal, so equating coefficienasaoidb,

Hence

1t = _,0
E(l t)=s O 2s+t=1g 1
Ds:tzg.

t=1(1—s) 0 s+2t=10
2 O

Example 4B

1.
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In the diagram ¢
TA =2BT
OA=a B 2b
. T
OB=b
b
AC=2b o - A
a

(a) Find in terms of andb

(i) AB (i) TB (iii) BC (iv) OT (v) TC.

(b) From (iv) and (v), what can you deduce about

O, T and C?

From an origin O the points A, B and C have
position vectorsa, b and D respectively. The
points O, A and B are not collinear. The
midpoint of AB is M, and the point of trisection
of AC nearer to Ais T. Draw a diagram to show
O,A B, C, M,T.

Find, in terms ofa andb, the position vectors of
M and T. Use your results to prove that O, M
and T are collinear, and find the ratio in which M
divides OT.

The vertices A, B and C of a triangle have
position vectors, b, c respectively relative to an
origin O. The point P is on BC such that
BP:PC=3:1; the point Q is on CA such that

CQ: QA=2:3; the point R is on BA produced
such that BR: AR 2:1.

The position vectors of P, Q and R greq andr
respectively. Show tha can be expressed in
terms ofp andr and hence, or otherwise, show
that P, Q and R are collinear. State the ratio of
the lengths of the line segments PQ and QR.

The points A, B and C have position vectars
b, c respectively referred to an origin O.

(a) Given that the point X lies on AB produced
so that AB: BX=2:1, findx, the position
vector of X, in terms of andb.

(b) If Y lies on BC, between B and C so that
BY: YC=1:3, findy, the position vector of
Y, in terms ofb andc.

(c) Given that Z is the midpoint of AC, show
that X, Y and Z are collinear.

(d) Calculate XY: YZ.

The position vectors of three points A, B and C
relative to an origin O arp, 3q —p, and 9 — 5p
respectively. Show that the points A, B and C
lie on the same straight line, and state the ratio
AB: BC. Given that OBCD is a parallelogram

and that E is the point such thes =%I5E, find
the position vectors of D and E relative to O.



Chapter 4 Vectors

4.4 Components of a vector

In this section, the idea ofumit vector is first introduced. This
is a vector which has unit magnitude. Sa i any vector, its

magnitude isal, and (provided thaa # 0) the vector

a

a=
3

is a unit vector, parallel ta.

Introducing cartesian axex@zin the usual way, unit vectors in
the direction @, Oy and @ are represented by

i,j andk .

Suppose P is any point with coordinatgsy( z) relative to O as
illustrated.

What is the magnitude and direction of the vector X =Xi ?

Clearly OA=x (=x)

D
and OA+AB =xi +0C
=Xi+Yj
and OA+AB+BP = xi +Yj +0D
=Xi +yj + 2k
Al |
xXF B

What is the vector OA+ AB+ BP?

Thus

r:(5P:xi+yi+zk

This vector is often written as3x1 column matrix
xd
_0oO
r= S/D
548

and the notatiom = (x,y,2) is also sometimes used.
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Chapter 4 Vectors

Yo

Activity 4 y
For vectors with two dimensions, using unit
vectori andj as shown opposite, express b
a, b, ¢, d ande in terms ofi andj. +
j
From the activity above, you should have shown that, )
for example,
c=i+jande=2i+j. f
e

Then the vectoc+e is simply 3i + 2j: adding vectors
in form is just a matter of adding components.

For vectors in 2 dimensions, in general

r:(5P:xi+yj

and its magnitude is given by the length OP,

where OP=/x% +y?
Example
If a:i+3j1 b:2i_5j, C:—2i+4j, find i A

P&Y)

(a) the component form of the vectors

(i) a+b (ii) b+c (iii) a-b (iv)a+b-c (v)3a+2b;
(b) the magnitude of the vectors in (a);
(c) unit vectors in the direction &+b andb+c.
Solution
(@ () a+b=(i+3j)+(2i-5j)=3i-2j

(i) b+c=(2i-5j)+(-2i+4j)=0i-j=-]

(i) a=b=(i+3j)-(2i-5j)=~i+8j

(iv) a+b-c=(a+b)-c=3i-2j—(-2i+4j)=5-6j

(V) 3a+2b=3(i+3j)+2(2-5j)=3+9j+4i-10j = 7i -]
(b) (i) [a+b=+F+(-2)?=9+4=13

(i) b+c=1

(iii) [a-b/ = (-1)*+8& = .65

(iv) [a+b+c/= 25+(-6)° = .61
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(v) [3a+2b/=1/72+(-4)" = /65

~ 1 . . 3. 2 .

C If n:a+b, n=—"-(31-2j)=——i—-———

(©) 1387A)= g )
If n=b+c, ﬁ=%(—j)=—j

For vectors in 3 dimensions, the position vector of the point P
with coordinatesx, y, z) is given by

r=x+yj+z

and its magnitude is given by

1| =\ X2 +y*+7°

Why is this result true?

You can perform algebraic operations in the usual way; for
example, if

a=3i+2j+k
b=i-2j+k

thus
a+b=(3i+2j+k)+(i -2j+k)
=4i +2k
a-b=(3i+2j+k)-(i-2j+k)

=2i +4j
la|=137+22+1* =14

b= \12 +(—22)+12 =6

Note that two vectorsy andb areparallel if a=Ab for some

non-zeroA ; furthermore, ifA >0 they are actually in the same
direction.

Also note that two vectors
a=ajitaj+ak and b=bi+b,j+bk

are equal if, and only if, their components are equal,

i.e. a=b, aa=b,, ag=b;.

Chapter 4 Vectors
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Chapter 4 Vectors

Activity 5

If a=2i+j-k,b=i-2j+3k, which of the vectors below are
parallel toa or b?

() -2i—j+k (i)  5i-10j+15
(iii) 4i-2j -2k (iv)  6i+3j-3k
(V) -2i+4j-6k (Vi) —4i-2j+2k

Exercise 4C

1. Write in the formxi +yj +zk, the vectors 4. If a=2i+5j-k, b=i+j+2k, c=-2i+3j-k

represented byjP if P is the point find
(a) (1,1, 1) (b) (2, 1, -1) (c) (1, -1, 0) (@) a+b (b) (a+b)+c (c)a+(b+c)

2. OP represents the vector Write down the (d) a=5b+11c
coordinates of P if 5. Show that the points A(4, —2, —16), B(0, —104)
(@) r=3i-4j+k (b)r=i+2j-k (c)r=-4k and C(-6, —22, 14) are collinear.
3. Find the magnitude of the vectors
(a) a=6i+2j+3k (b) b=2i-j-2k
(c) c=a+b (d) d=a-b

Also find unit vectors in the direction @f andb.

4.5 Products of vectors

The 'algebra’ of vectors has been developed in previous sections.
You can add and subtract vectors, multiply a vector by a scalar

(Aa), but as yet not 'multiply’ vectors. There are, in fact, two ways

of multiplying vectors: one, thecalar product leading to a scalar
quantity; the other, theector product, being a vector.

Scalar product

For any two vectora andb, thescalar product, denoted bya.b
is defined by

a.b =|a|b|coso

Here|a| is the modulus o&, |b| is the modulus ob, and @ is the

angle between the direction of the two vectors. (Some texts refer
to the scalar product as the 'dot' product, and youssdgtb'

for a.b)
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Chapter 4 Vectors

Example
If a=2i, b=5]j and c=i+]j, find

(a) a.b (b) a.c (c) b.c

Solution

(@) a.b=|a||b|cos90
=2x5x0=0

(b) a.c=|al|c|cos4B

s s 1 , _
—2><\2><\—2 (smce\c\—«\sZ)

=2 vy
(c) b.c=|b||c|cos4B bA
:5)(\‘§)<i
N
=5

From the definition of the scalar product:

(i) If aandb are perpendicular (as in (a) above), then

6 =90° andcos6 =0, which givesa.b=0. j c
(i) If, for non-zero vectora andb, a.b =0, then L : ,

lal|blcos§=0 O cosf=0, sincela|#0,|b|#0; o ! a X

then 8 =90° anda andb are perpendicular.

To summarise, for non-zero vectasandb

a.b=0 - ab perpendicul%r

Also it is clear that

a.a=|af

Activity 6

Evaluate the scalar products
(@ i., i.j, ik

(b) j.i, j.j. jk

(c) k., k.j, k.k

d (i+j), (2i+k).k
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Chapter 4 Vectors

Check, in (d), that for example,
(2i +k).k =2i.k +k.k

Assuming that the scalar product always behaves in this natural
way, deduce a formula f@ab whena andb are expressed in
component form

a=aji+a,jtagk, b=Dbji+b,j+bk

You should have found in Activity 6 that
i.i=j.j=k.k=1, (i, ], k are unit vectors)
i.j=j.k=k.i=0 (i,]j, k are mutually perpendicular)
So ifaandb are expressed in component form
a.b =(aj +a,j +agk).(bji + byj +bsk)
= ay(loji.i +byi.j + Dy k)
+ay(byj.i +1yj.j +1sj.K)
+ag(bik.i +bok.j +bk.k)
=g b +a,b +a;hb, (using the results above)

So

ab=a b +a, b +a;h

Example

If a=2i+j+3k, b=-3i+j-2k, find a.b and the cosine of the
angle betweena andb.

Solution
a.b=(2i+j+3k).(-3i +j - 2k)
=2x(-3)+1x1+3x(-2)=-6+1-6=-11
So a.b=|al||b|cosf =-11

0 \14+/14cosf = -11

O cosO = _1
14
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Example

Show that the vectorsa=i+2j—-k andb =2i-2j -2k, are
perpendicular.

Solution
a.b=(i+2j-k).(2i - 2j - 2k)
=1x2+2x(=2)+(-1) x(-2)
=2-4+2
=0

Hence vectors andb are perpendicular.

Activity 7

For the vectoix =3i +2j,y =i + mj, determine the values ai
for which

(a) xis perpendicular ty
(b) xis parallel toy
(c) the angle betweexandy is 30°.

Example

If a=3i—-j+2k andb=mi -2j -3k, find the value ofn for
which a andb are perpendicular.

Solution
a.b=(3i - j+2k).(mi - 2j -3k)

=3m+(-1)(-2) +2(-3)
=3m+2-6
=3m-4

=0 O m=

Wl

Soa andb are perpendicular whenng.
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Vector product

For any two vectorsa andb, the vector product, denoted by
axb (or adb) is defined by n

turn fromatob

axb=|a|/blsinfn

Here|a| is the magnitude od, | b| is the magnitude df, and n
is a unit vector, perpendicular to baitandb and in the sense of

direction of linear motion when a screw turns frarto b as direction
illustrated. In the figure i andb are in a horizontal plane, Or;ggroer:"’

thenn is vertical.

This implies that, b and n form a right-handed system similar
to thei, j, k system.

What is the magnitude of the vectors axband bxa?
What is the direction of the vector bxa?

To follow the direction of a screw's motion turning frdnto a
gives the direction A, that is

>turn frombtoa

bxa=|al|b[sin6(-n)
=-axb. -n
So bxa+axb=0

and the vector product is not, in general, commutative
(axb#zbxa). y

b A
Example ‘

If a=2i, b=5i andc=i+j, find
(@) axb (b) (c) axc (d)axa

Solution

(a) t?)x b=2x5xsin9Ck =10k (k is perpendicular ta and

(b) bxc=5x+/2xsin4%(-k) =-5k jZC

() axc=2x2xsin45(k)=2k o i > X

(d) laxa|=2x2xsin0°=00 axa=0
In a similar way, you can see that
ixj=|i||j|sin9Ck =k

(sincek is perpendicular to andj, andi, j, k form a right-
handed system).
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Activity &

Determine all the vector products
(@) ixi, ixj, ixk
(b) jxi, jxj, jxk
(c) kxi, kxj, kxk

You should have found that

ixj=k, jxk=i, kxi=]

whereas

jxi=-k, kxj=-i, ixk=—j

and

ixi=jxj=kxk=0

Again assuming that addition and subtraction behave in a
natural way, you can use these results to find a formula kd»

in terms of their components. If

a= ai +aj+ak, b=bi+bj+bk

then it can be shown that
axb=(a,b;—agh, )i +(agh, — ab;)j +(ab, ~ah)k

Activity 9

Prove the formula above foaxb.

Writing out an array

O j k O
R oA ap
B b, bf

work out an easy way of remembering the formuladsib.

Example
If a=i+j+k, b=2i+3j-k, findaxbh.

Chapter 4 Vectors
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Solution
axb=(i+j+k)x(2i +3j-k)
=ix(2i+3j+k) xj(2i +3j -k) +k x(2i +3j - k)
=20+3k —(=j)+(-2k) +30-i+2j-3i -0
= —4i+3j+k

Alternatively you can quickly evaluate the vector product using
the formula from Activity 9; this gives

axb=(-1-3)i +(2-(-1))j +(3-2)k
= —4i +3j +k

Note that if two vectorg andb are parallel (or anti-parallel)
then8=0 orm, and

axb=0n=0
Conversly, for non-zero vectoesandb,
axb=00 sin6=00 6=0,1

Hence

axb=0<a=0o0orb=0o0ra,b parallel

Example

If a=i-3j+2k andb=-2i+6j -4k, find axb. What can you
say about andb?

Solution
axb = (i -3j +2k) x(~2i +6j - 4k)

=i x (~2i + 6] - 4K) - 3] x (=2i + 6] — 4k) + 2k x (~2i + 6] - 4K)

= —20+ 6k +4j — 6k —180+12i — 4] —12i — 80
=0

Hencea andb are parallel. In fact you can readily see that
b=-2a.
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Exercise 4D

1. If a=2i+j-2k andb=-3i+4k, find 5. Given the vectorai=3i+2j andv=2i+4j,
(a) a.b determine the value of so that
(b) the acute angle between these vectors (to the (&) U andv are atright angles
nearest degree) (b) u andv are parallel
(c) a unit vector which is perpendicular to bath (c) the acute angle betweenandv is 45°.
andb.
6. The angle between the vectarsj andi+j+Ak
2. Foraandb in Question 1, findaxb. Use this to is 45°. Find the possible values af.
find the angle between these vectors (to the nearest ) o
degree). 7. Given thata=2i+k, b=i-2j+3k calculate
3. Leta=i-2j+k, b=2i+j-k. Given thatc=Aa+ub (a) the scalar productb
and thatc is perpendicular ta, find the ratio ofA (b) the vector productaxb
o H. 8. The vectorss andv are given

4. Find the value ofA for which the vectori-3j+k by u=2i-j+2k, v=pi+gk.

and3i+6j + Ak are perpendicular. Given thatuxv=i+sk, find p, g ands. Find

also the cosine of the angle betwaeandv.

4.6 Applications

In Chapter 5 you will see how vectors can be used to solve
problems in 3-dimensional space concerned with lines and planes.
Using vectors for these problems is very convenient but it is not the
principal application of vectors, which is for solving problems in
mechanics. These applications, and that of vector calculus to
problems in fluid mechanics, are beyond the scope of this text, but
if you pursue mathematics in Higher Education you will appreciate
their importance. Here we look at some simpler applications.

Projection of a vector

Let P be the foot of the perpendicular from A to the line OB. OP
is called theprojection of a onto the line OB.

Note that

OP =|a|cos8, wherea=OA and# is angle AOP

If i is a unit vector in the direction OB, then
a.i=|al|i|cosf=|a|cosd = OP

So

Projection ofa onto the line OB= a.i
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Example y
The forceF =10¢, wherec is a unit vector in a direction making
an angle o#45° with each of the positive andy axes. Find the
projection ofF on thex-axis. F
Solution
A P it 45°
c= i+
‘\/2( i) o)
e
|
So F=10 (i+])
V2
and Fi=20(3+j).i
V2
=10,,10
A2 \2
_ 10
A2

Area of a triangle

For the triangle AOB, let

a:dA,bde

So laxb|=|a|b|sind
= OA x (OBsing)

=OAxBP (= basex height)
So

Area of AOAB = }laxb|

Example

If A'is the point (5, 0), B is the point (3, 0), find the area of the
triangle OAB.

Solution
a=5i, b=3i+6j
Area of triangle = }|axb|
= 3|5i x (3i +6])
= 3150+ 30K|
=$/30k| =4.30 =15
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Example

The triangle ABC is defined by the points A(O, 1, 2), B(1, 5, 5)
and C(2, 3, 1). Find the area of ABC.

Solution
AB=(1, 4, 3and AC=(2, 2, -1).
So you can think oAB asi +4j +3k and ACas 2i +2j -k and
calculateABx AC as
(4.(-1) -3.2)i +(3.2-1.(-2))j + (1.2- 4.2k
or  -10i +7j - 6k.
Hence area ofAABC = %|(-10, 7, -6)

=1100+49+36
=4185

Work done by a force

Work is done when a force moves a particle through a distance.
If Fis the constant force being applied, and the particle is

moved from A to B wherd\B = d, then

work done=F.d

A
Example w R
A block slides down an inclined plane from A to B. Ignoring
friction, the forces acting on the block are its weighitand a
normal reactiorR. Calculate the work done by the forces in W
terms ofh. o B
- g
Solution

W =-W, d=-hj+ai
W.d =-Wj.(~hj +ai) =Wh

and
R.d=0

sinceR andd are perpendicular.

So the work done is simpWh
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4.7 Miscellaneous Exercises

1.

10.

11.

Find the sum of the vecto& +j -k, i +3j +k,
3i+2j.

Find the magnitude of the vectar3i—2j +6k .
If (a+2)i+(b-1)j and(b-1)i-a are equal
vectors, find the values & andb.

If Ai—-4j is parallel to2i-6j, find the value ofA .

Find the unit vector in the direction @f —j+2k.
Find the vector with magnitude three and parallel

to 61 —3j+2k.
If OA =4i+14j-5k, OB=i+2j+7k, and

oCc=2i +6j +37k, show that the vectorBﬂC, CA
are parallel. Hence deduce that the points A, B
and C are collinear.

QP=p, OR=3p, OQ=q. M is the midpoint
of QR.

(a) ExpressdP and Rb
in terms ofp andq.

S
(b) ExpressMaQ in terms

(c) If S lies on(jP produced

so thatdSz k(jP, expressMS in terms ofp,
g andk.

(d) Find the value ok if MSis parallel toQO.

Show that3i+7)+2k is perpendicular to
5i—j-4k.

The points A, B and C have coordinates

(2,1, -1), (1,7, 3) and (-2, 5, 1) respectively.

Find the area of the triangle ABC.
If L, M, N and P are the midpoints of AD, BD,
BC and AC respectively, show thaM is parallel

to NP.
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12.

13.

14.

The position vectors of points P and R are
2i-3j+7k and4i+5j+3k respectively. Given
that R divides PQ in the ratio 2:1, find the
position vector of Q if

(a) R divides PQ internally
(b) R divides PQ externally.

Given thatOA =i+j, OB=5i+7j, find the

position vectors of the other two vertices of the
square of which A and B are one pair of opposite
vertices.

Given thatp =t% +(2t+1)j +k and
q=(t-1)i +3tj —(t2 +3t)k wheret is a scalar
variable, determine

(a) the values of for whichp andq are
perpendicular.

(b) the angle between the vectggsandq when

t = 1, giving your answer to the neardsf°.
(AEB)

. The point P has position vector

(1+p)i+(3-2u)j+(4+2u)k
where uis a variable parameter. The point Q has
position vectordi+2j+3k.
(a) The points Pand R, are the positions of P
when u =0 and u =1 respectively. Calculate

the size of angle R®P, , giving your answer
to the nearest degree.

(b) Show thatPQ? =(3u-1)* +10 and hence, or

otherwise, find the position vector of P when
it is closest to Q. (AEB)

16. Referred to a fixed origin O, the points A, B and

C have position vectors-2j +2k, 3i—-k and
—-i+j+4k respectively.
Calculate the cosine of the angle BAC.

Hence, or otherwise, find the area of the triangle
ABC, giving your answer to three significant
figures. (AEB)



